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In these lectures I will describe a program (which I will call the concentration-
compactness/rigidity method) that Frank Merle and I have been developing to
study critical evolution problems. The issues studied center around global well-
posedness and scattering. The method applies to non-linear dispersive and wave
equations in both defocusing and focusing cases. The method can be divided into
two parts. The first part (“the concentration-compactness” part) is in some sense
“universal” and works in similar ways for “all” critical problems. The second part
(“the rigidity” part) has a “universal” formulation, but needs to be established
individually for each problem. The method is inspired by the elliptic work on the
Yamabe problem and by works of Merle, Martel-Merle and Merle-Raphéel in the
non-linear Schrodinger equation and generalized KdV equations.

To focus on the issues, let us first concentrate on the energy critical non-
linear Schrodinger equation (NLS) and the energy critical non-linear wave equation
(NLW). We thus have:

i0pu + Au + [uYN 2y =0 (z,t) e RV xR
(1)

ul,_, =uo € H'(R") N >3
and
O?u — ANu = +|u|N 2y (z,t) e RN xR
ul,_y =uo € H'(R™) (2)
Oyu|,_, = u1 € L*(R™) N>3
In both cases, the “—” sign corresponds to the defocusing case, while the “4” sign

corresponds to the focusing case. For (1), if u is a solution, so is /\le/Qu (f, ;2)

For (2), if w is a solution, so is Wu( ) Both scalings leave invariant the

PRIDY
energy spaces H!, H' x L? respectively and that is why they are called energy

critical. The energy which is conserved in this problem is

1 1 X
:§/|Vuo|zi§/|uo|2 ) (NLS)

1 .
Eel(wo,u)) = 5 [ Vuol + 5 [Pt oo [l (vzw)

where QL = % — % = 2 N . The “+” corresponds to the defocusing case while the
“—” corresponds to the focusing case.

In both problems, the theory of the local Cauchy problem has been under-
stood for a while (in the case of (1) , through the work of Cazenave-Weissler
[7], while in the case of (2) through the works of Pecher [37], Ginibre—Velo [14],
Ginibre-Velo-Soffer [13] and many others, for instance [20], [34], [41], [3] etc.).

These works show that, say for (1), for any ug, ||uolly: < 6, there exists a unique



solution of (1) defined for all time and the solution scatters, i.e. there exist ug,
ug in H' such that
. it |

tl}rinoo |u(t) — " Pug || g = 0.
A corresponding result holds for (2). Moreover, given any initial data ug ((ug,u1))
in the energy space, there exist Ty (ug), T—(up) such that there exists a unique
solution in (—=7T—(ug), T+ (up)) and the interval is maximal (for (2) (—T— (ug,u1),
T4 (up,u1))). In both problems, there exists a crucial space-time norm (or “Stri-
chartz norm”). For (1), on a time interval I, we define

lullscry = lull p2ovor/w—2 pacveam—2,
while for (2) we have
HUHS(I) = ||U‘|L?(N+1)/N—2L3(N+l)/N—2.

This norm is crucial, say for (1) because, if Ty (ug) < 400, we must have
|ulls (0,7 (uo))) = +00, moreover, if T’y (up) = +00, u scatters at +oo if and only
if [|u|[s(0,400) < +00. Similar results hold for (2). The question that attracted
people’s attention here is: What happens for large data? The question was first
studied for (2) in the defocusing case, through works of Struwe ([44]) in the radial
case, Grillakis ([16], [17]) in the general case, for the preservation of smoothness,
and in the terms described here in the works of Shatah—Struwe [41], [42], Bahouri-
Shatah [3], Bahouri-Gérard [2], Kapitansky [20], etc. The summary of these works
is that (this was achieved in the early 90’s), for any pair (ug,u;) € H! x L?, in the
defocusing case we have T4 (up,u1) = +oo and the solution scatters. The corre-
sponding results for (1) in the defocusing case took much longer. The first result
was established by Bourgain [4], in 1998, who established the analogous result for
ug radial, N = 3,4, with Grillakis [18] showing preservation of smoothness for
N = 3, radial data. Tao extended these results to N > 5, ug radial [48]. Finally,
Colliander—Kell-Staffilani-Takaoka—Tao proved this for N = 3, all data ug [8],
with extensions to N = 4 by Ryckman-Vigan [40] and to N > 5 by Vigan [54] in
2005.

In the focusing case, these results do not hold. In fact, for (2) H. Levine
[33] in 1974 showed that in the focusing case, if (ug,u;) € H' x L2, ug € L? and
E((ug,u1)) < 0, there is always a break-down in finite time i.e. T (ug,u1) < oo.
He showed this by an “obstruction” type of argument. Recently Krieger—Schlag—
Tataru [32] have constructed radial examples (N = 3), for which Ty (ug, u1) < cc.
For (1) a classical argument due to Zakharov and Glassey [15], based on the virial
identity, shows the same result as H. Levine’s if [ |z|?|ug|®> < oo, E(ug) < 0.
Moreover, for both (1) and (2), in the focusing case we have the following static
solution

E S W



which solves the elliptic equation
AW 4 [WHN=2 = 0.

Thus, scattering need not occur for solutions that exist globally in time. The
solution W plays an important role in the Yamabe problem (see [1] for instance)
and it does so once more here. The results in which I am going to concentrate here
are:

Theorem 1 (Kenig-Merle [25]). For the focusing energy critical (NLS), 3 < N <6,
consider ug € H' such that E(ug) < E(W), ug radial. Then:

i) If ||uollgr < [Wllgp, the solution exists for all time and scatters.
ii) If ||uo|| 2 < 00, ||uollgn > Wi, then Ty (ug) < 400, T—(ug) < +o00.

Remark 1. Recently, Killip—Vigan [29] have combined the ideas of the proof of
Threorem 2, as applied to NLS in [10], with another important new idea, to extend
Theorem 1 to the non-radial case for NV > 5.

The one case where we don’t need the radial assumption in dimensions 3 <
N < 6 is the one of (2). We have:

Theorem 2 (Kenig-Merle [23]). For the focusing energy critical (NLW), 3 < N <
6, consider (ug,u1) € H' x L? such that E((ug,u1)) < E((W,0)). Then

i) If ||uollyn < [Wllgp, the solution exists for all time and scatters.
it) If ||Juollg > ”W”Hl? then Ty (ug) < +00.

I will sketch the proofs of these two theorems and the outline of the general
method in these lectures. The method has found other interesting applications:

Mass Critical NLS

i0u + A+ |u*Nu =0 (z,t) e RN xR
(3)

u|t:O=uo N >3

Here, ||ug||2 is the critical norm. The analog of Theorem 1 was obtained, for ug
radial by Tao—Visan—Zhang [50], Killip-Tao—Visan [28], Killip—Visan-Zhang [30],
using our proof scheme for N > 2. (In the focusing case one needs to assume
[luollzz < ||Q||L2, where @ is the ground state, i.e. the non-negative solution of
the elliptic equation AQ + Q4N = Q). The case N = 1 is open.



Corotational wave maps into S2, 4D Yang-Mills in the radial case Consider the
wave map system
Ou = A(u)(Du, Du) L T, M

where u = (u!,...,ud) : R x RN — M < R? where M, the target manifold is
isometrically embedded in R, and A(u) is the second fundamental form for M
at u. We consider the case M = S? C R3. The critical space here is (ug,u;) €
HN/2% AN=2/2 36 that when N = 2, the critical space is H x L2. It is known that
for small data in H' x L? we have global existence and scattering (Tataru [52],
[63], Tao [47]). Moreover, Rodnianski-Sterbenz [39] and Krieger—Schlag-Téataru
[31], showed that there can be finite time blow-up for large data. In earlier work,
Struwe [45] had considered the case of co-rotational maps. These are maps which
have a special form. Writing the metric on S? in the form (p,0), p > 0, € S1,
with ds? = dp? + g(p)2d6?, where g(p) = sin p, we consider, using (7, ¢) as polar
coordinates in R?, maps of the form p = v(r,t), § = ¢. These are the co-rotational
maps and Krieger—Schlag-T#taru [31] exhibited blow-up for corotational maps.
There is a stationary solution @, which is a non-constant harmonic map of least
energy. Struwe proved that if F(v) < E(Q), v and the corresponding wave map u
are global in time. Using our method, in joint of Cote-Kenig—Merle [9] we show
that, in addition, there is an alternative: v = @ or the solution scatters. We also
prove the corresponding results for radial solutions of the Yang—Mills equations in
the critical energy space in R* (see [9]).

Cubic NLS in 3d: Consider the classic cubic NLS in 3d:
i0u + Au F [ulPu =0 (r,t) e R3 xR

ul,_y = uo € H'/?(R?)
H'/2 is the critical space, “—” = defocusing, “+” = focusing. In the focusing
case, Duyckaerts-Holmer-Roudenko [10] adapted our method to show that if ug €
HY(R3) and M (ug)E(uo) < M(Q)E(Q), where

1 1
Muo) = [Tuols  B(w) =5 [19u0f = 7 [ Juol?

and @ is the ground state, i.e. the positive solution to the elliptic equation

—Q+AQ+1QPQ =0,

then if ||uo||2]|Vuol|2 > ||Q]|2]|IVQ|| L2, we have “blow-up” in finite time, while
if ||uo||L2||Vuollre < ||@|r2||V@Q||L2, u exists for all time and scatters. In joint
work with Merle [24] we have considered the defocusing case. We have shown there,
using this circle of ideas that if supy;<, (u) |[4(t)| 1/2 < 00, then T} (ug) = +00
and u scatters. We would like to point out that the fact that T (ug) = 400 is
analogous to the L3 result of Escauriaza—Seregin-Sverak for Navier—Stokes [11].



We now turn to the proofs of Theorem 1, 2. We start with Theorem 1. We
are thus considering
i0pu + A+ [u*N2u =0 (r,t) e RN xR
: (4)
u‘ t—o = U0 € H!
Let us start with a quick review of the “local Cauchy problem” theory. Besides the

norm || fll gy = [Ifll 2v+2/5-2 2(v+2)/n -2 introduced earlier, we need the norm
I T

Hf”w I~ ||fH 2(N+2)/N—2;2(N+2)/N244-
() L3 L;

Theorem 3 ([7], [25]). Assume that ug € HY(RY), |juolli: < A. Then (for 3 <
N < 6) there exists § = 6(A) > 0 such that if ||eimu0||s(1) < 68,0 €], there exists
a unique solution to (4) in RN x I, with u € C’(I;Hl) and ”VU’HW(I) < +o0,
[ullg(ry < 20. Moreover, the mapping ug € HY(RN) — u € C(I;HY) is Lipschitz.

The proof is by fixed point. The key ingredients are the following “Strichartz
estimates” ([43], [21]):

Ve ugllyy o ooy < C ol

00,+00)

Hv fOt ei(t_t,)Ag(-, t')dt'

(o) = O 19l ®)

sup, HV fot =R g( )t

12 <C ||gHL?L§N/N+2
and the following Sobolev embedding

lllsry < ClIVUllwy (6)
and the observation that |V(|u|4/N’2u)| < C|Vaul [u[*N=2, so that

4/N—2

anvwre S Nullsay ™ IVl -

[yt
12

Remark 2. Because of (5), (6), there exists § such that if ||uo||g: < 9, the hypoth-
esis of the Theorem is verified for I = (—oo, +00). Moreover, given ug € H!, we
can find I such that He“AuoHS(I) < 6, so that the Theorem applies. It is then easy

to see that given ug € H', there exists a maximal interval I = (=T (uq), T (uo))
where u € C(I';HY) N {Vu € W(I")} of all I’ CcC I is defined. We call I the
maximal interval of existence. It is easy to see that for all ¢ € I, we have

Bu(®) =5 [ 1Va®)P - 5 [ 1 = Buo).

We also have the “standard finite time blow-up criterion”: if T (ug) < oo, then
lullso.74 (wo)) = +o0-



We next turn to another fundamental result in the “local Cauchy theory”,
the so called “Perturbation Theorem”.

Perturbation Theorem 4 (see [49], [25], [22]). Let I =[0,L), L < +o0, 4 be defined
on RN x I be such that

Stlelll)Hﬂqu <A, lallggy <M, [[Vally gy < +o0

and verify (in the sense of the integral equation)
i+ At + |aN2i=e onRY x I,
and let ug € H* be such that |lug — @(0)||u < A’. Then, there exists eg = eo(M, A,
A’) such that, if 0 < € < eg and ||[Vel| ., 2v/n42 < 6, He”A[UO —ﬂ(O)]HS(U < e,
3L

then there exists a unique solution u to (4) on RN x I, such that

lullsry < C(A, A", M) and  sup Ju(t) — a(t)|| g < C(A, A", M)(A"+¢)”,
tel

where B > 0.

For the details of the proof see [22]. This result has several important conse-
quences:

Corollary 1. Let K C H! be such that K is compact. Then, 3 ' % T % such

that Yug € K we have T (uo) > T, 7, T—(ug) > T_ %. B

Corollary 2. Let iig € H', |[iio||in < A, let @ be the solution of (4), with mazimal
interval (—T_ (@), T (to)). Assume that ug,, — to in H', with corresponding
solution uy. Then Ti(ty) < UmT4 (ugn), T— () < Um7T (ugn) and for t €
(=T (o), Ty (g)), un(t) — a(t) in H'.

Before we start with our sketch of the proof of Theorem 1, we will review the
classic argument of Glassey [15] for blow-up in finite time. Thus, assume uo € H!,
[ |z|?|ug(z)|*dz < oo and E(ug) < 0. Let I = maximal interval of existence. One
easily shows that, for t € I, y(t) = [ |z|?|u(z,t)|*dz < +oo. In fact,

y'(t) = 4Im/EVu -z, and y'(t)=38 [/ |Vu(z, t)]> — / |u(m,t)|2*} .
Hence, if E(ug) < 0, E(u(t)) = E(up) < 0, so that
3 [ ITuOF ~ 0P = B+ (5 - 3 ) [ WOF < B <0,

and y”(t) < 0. But then, if I is infinite, since y(¢) > 0 we obtain a contradiction.
We now start with our sketch of the proof of Theorem 1.



Step 1: Variational estimates. (These are not needed in defocusing problems).
Recall that W (z) = (1 + |z[?/N(N — 2))~¥=2)/2 i5 a stationary solution of (4).
It solves the elliptic equation AW + [W|*N=2W = 0, W > 0, W is radially
decreasing, W € H!. By the invariances of the equation,

Woo,z0,20 (2) = ewO)‘(])V_Q/QW()‘O(x —29))

is still a solution. Aubin and Talenti ([1], [46]) gave the following variational char-
acterization of W: let Cy be the best constant in the Sobolev embedding ||u| g2+ <
Cn||Vul|p2. Then, ||[ul|px = Cn||Vul|pz, w # 0, if and only if u = Wy, 4,5, for
some (g, 0, \g). Note that by the elliptic equation, [|[VW[? = [|W]?". Also,
Cn||[VW|| = ||W]|2+, so that

N—-2

LIV = ( / |VW|2)

Hence, [|[VW|? =1/C¥, and

E(W) = (; - 21) / VW2 = 1%

Lemma 1. Assume that ||[Vv|| < [[VW]| and that E(v) < (1 — o) E(W), do > 0.
Then, there exists 6 = §(dg) so that:

Q

) 1170l < (1= 3)|vw]P
i) [ (9o = o = 3|7

iti) E(v) >0
Proof. Let
_ 1Ok g

Note that f(0) =0, f(y) > 0 for y near 0, y > 0 and that

7= IVoll*.

1 C% e
f/(y):§727]:f 2% /2 1’

so that f'(y) = 0 if and only if y = y. = & = |[|[VW|[2. Also, f(y.) = ﬁ =
E(W). Since 0 <7 < y., f(7) < (1 —60)f(ye), f is non-negative and strictly
increasing between 0 and y., and f”(y.) # 0, we have 0 < f(7), 7 < (1 — )y, =
(1 —8)||VW]||2. This shows i).



For ii), note that

2% /2
Jrwep— > [1ver-ck ( / |w|2)
r 2/N-2
_ /|W|2 ors </|Vv|2> ]
. 2/N-2
1-C3(1-03)¥/N=2 </VW|2> ]

1-@a- S)Q/N*Q}

[V
—
<
=

I
—
<
=

which gives ii).
Note from this that if ||Vug|| < ||[VW]|, then E(ug) > 0, i.e. iii). O

This static lemma imediately has dynamic consequences.

Corollary 3 (Energy Trapping). Let u be a solution of (4) with maximal interval I,
[|[Vuol|| < [|IVW]], E(ug) < E(W). Choose §g > 0 such that E(ug) < (1=8g)E(W).
Then, for each t € I we have:

i) [IVu@®|* < (1= 9)[VWI,  E(u(t)) >0
i1) /|Vu — Ju@®)* >5/|Vu )|? (Coercivity)

i) E(u(t)) ~ ||[Vu(t)||? = ||[Vuol|?, with comparability constants which depend
on 0. (Uniform bound).

Proof. From continuity of the flow, conservation of energy and the previous Lemma.
|

Note that iii) gives uniform bounds on ||Vu(t)||. However, this is a long way
from giving Theorem 1.
Remark 3. Let ug € H', E(ug) < E(W), but ||Vuo||> > |[VW/|2. If we choose &y
so that E(ug) < (1 — dp)E(W), we can conclude, as in the proof of the Lemma,
that [ |Vu(t)|?> > (1+0) [|[VW|? t € I. But then,

[19u®F - woF = 2Ew) - 2 [ 1vuP?

< PEW)—- ——— =
W -x 20N N-20¥
20
= - <O
(N—2)cy *

Hence, if [ |2|*|ug(x)|?dz < oo, Glassey’s proof shows that I cannot be infinite. If
up is radial, ug € L?, using a “local virial identity” (which we will see momentarily)
one can see that the same result holds.
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Step 2: Concentration-compactness procedure. We now turn to the proof of i) in
Theorem 1. By our variational estimates, if E(ug) < E(W), ||[Vuo||? < |[[VW]|?,
if 0¢ is chosen so that E(ug) < (1 — d9)E(W), recall that

B(u(t))  [[Vu@)|* ~ || Vuol|?,

t € I, with constants depending only on dg, recall also that if ||Vug||? < ||[VW]|?,
E(ug) > 0. It now follows from the “local Cauchy theory” that if ||[Vug||? <
[[VW||? and E(ug) < 10, 1o small, then I = (—00,+00) and ||u||s(—oo,+00) < 00,
so that u scatters. Consider now

G = {E 0< E<EW) : if ||Vugl)* < ||[VW|[?
and E(uo) < E, then |ullg < oo}

and E, = supG. Then, 0 < ng < E. < E(W) and if ||[Vuol||? < |[VW][2, E(u) <
E., I = (—o00,+00), u scatters and E. is optimal with this property. Theorem 1
i) is the statement E. = E(W). We now assume E. < E(W) and will reach a
contradiction. We now develop the concentration-compactness argument:

Proposition 1. There exists ug. € H', ||[Vug.|[> < |[|[VW|?, with E(uo.) = E.,
such that, for the corresponding solution u. , we have ||UCHS([) = +00.

Proposition 2. For any u. as in Proposition 1, with (say) ||uc||s,) = +oo, Iy =
IN0,+00), there exist z(t), t € Iy, \(t) € RY, t € I, such that

B B 1 x — x(t)
K= {v(x,t) = )\(t)N_2/2u< NG ,t) ,te I+}

has compact closure in H'.

The proof of Proposition 1 and 2 follows a “general procedure” which uses
a “profile decomposition”, the variational estimates and the “Perturbation Theo-
rem”. The idea of the decomposition is somehow a time-dependent version of the
concentration-compactness method of P.L. Lions, when the “local Cauchy theory”
is done in the critical space. It was introduced independently by Bahouri-Gérard
[2] for the wave equation and by Merle-Vega for the L? critical NLS [35]. The
version needed for Theorem 1 is due to Keraani [27]. This is the evolution analog
of the elliptic “bubble decomposition”, which goes back to work of Brézis—Coron

[5]-
Theorem 5 (Keraani [27]). Let {vo,} C H', with ||[vonllyn < A. Assume that

HeitAU0>”HS(—oo,+oo) > § > 0. Then there exists a subsequence of {von} and a

sequence {Vp 132, C H' and triplets {(N\jn, Tjn,tin)} CRT x RN x R, with

R N L e A B e R
s + i A2 + i n—o0
3’n VED Jn j.m

o,
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for j # 3" (we say that {(Njn,Tjn,tjn)} ts orthogonal), such that
i) Vol
i) If le(x,t) = e”AVO)j, then we have, for each J,

J 1 xr—x t

_ l —4in j,n J

Yo,n _Z N=2/27i o e ) T
j:1 )\],’n J],n j,n

m 2= OZO(A) >0

—— 0 and for each J > 1, we have

. itA, T
wherehTmHel wnHS(foonLOO) J—00

J
i) [[Voonl® = [IVVoll* + [IVwy||* + o(1) as n — oo and

Jj:1
E(von) = ZE (VJl (-;2”)) + B(w]) +o0(1) as n — co.

j=1 3,

Further general remarks:

Remark 4. Because of the continuity of u(t), ¢ € I, in H!, in Proposition 2 we can
construct A(t), z(t) continuous in [0, T (ug)), with A(¢) > 0.

Remark 5. Because of scaling and the compactness of K above, if T’y (ug,.) < 00,
one always has that \(£) > Co(K) /(T (ug,c) —t)=.

Remark 6. If Ty (ug,.) = +00, we can always find another (possibly different) crit-
ical element v., with a corresponding A so that A(t) > Ag > 0 for t € [0, T} (vo,c))-
(Again by compactness of K).

Remark 7. One can use the “profile decomposition” to also show that there exists
a decreasing function g, g : (0, E.] — [0, +00) so that if ||[Vug||? < |[[VW]|? and
E(up) < E¢ — 1, then ||UH5(,OO’+OO) < g(n).

Remark 8. In the “profile decomposition”, if all the vy, are radial, the V5 ; can

be chosen radial and z;, = 0. We can repeat our procedure restricted to radial
data and conclude the analog of Proposition 1, 2, with x(¢) = 0.

The final step in the proof is then:

Step 3: Rigidity theorem

Theorem 6 (Rigidity). Let ug € H', E(ug) < E(W), ||[Vuol|? < |[[VW]|?. Let u
be the solution of (4), with mazimal interval I = (=T_(ug), Ty (ug)). Assume that
there exists A(t) > 0, defined for t € [0, T4 (ug)), such that

T

K= {v(m,t) - Wu ()\(t)t> e [0,T+(u0))}



12

has compact closure in H'. Assume also that if T\ (ug) < oo,
At) > Co(K)/(Ty(ug,¢) — )2 and if Ty(ug) = oo, that N(t) > Ay > 0 for
t €[0,400). Then, Ty (ug) = 400, ug = 0.

To prove this, we split two cases:

Case 1: T\ (ug) < 400 (so that A(t) — 400 as t — Ty (ug))
Fix ¢ radial, ¢ € C5°, ¢ = 1 on |z| < 1, supp¢ C {|z|] < 2}. Set ¢r(x) =
¢(z/R) and define

Yr(t) = / (e, )P (e) de.

Then, y,.(t) =2Im [TVuVer, so that

21/2 |U,|2 1/2 )
(0 sc(/w ) (/m) < C|[vw,

by Hardy’s inequality and our variational estimates. Note that C' is independent
of R. Next, we note that, for each R > 0,

lim lu(z,t)*dx = 0.
t1T4 (vo) J|z|<R

In fact, u(z,t) = A(t)N~2/20(\(t)z, t), so that

/ (e, )Pde = M)~ / lo(y, )[2dy
jo|<R ly|<RA®)
= A0 / lo(y, 1)[2dy
ly]|<eRA(t)

AW / lo(y, 1)[2dy
eRN(t)<|y|<RA(t)

A <A THERAD)?[[vl |22 < CER[VWP2,

which is small with e.

B S A(t)iz(RA(t))QHIUH%Q*(lyIZGR/\(t)) m} 0,

(since A(t) T 400 as t — T (ug)) using the compactness of K. But then, yz(0) <
CTy (up)||[VW|[2, by the fundamental theorem of calculus. Thus, leting R — oo,
we see that ug € L2, but then, using the conservation of the L? norm, we see that
[luol|lzz = ||w(Ts(uo))|lrz = 0, so that ug = 0.
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Case 2: T (ug) = +oo First note that the compactness of K, together with
A(t) = Ap > 0, gives that, given € > 0, there exists R(e) > 0 such that, for all
t € [0,+00),

Jul? _

/ IVul? + |u* + = e
|z|>R(e) | ‘

Pick dg > 0 so that E(ug) < (1 — do)E(W). Recall that, by our variational esti-
mates, we have that [ |Vu(t)|? — [u(t)|?" > Cs,||[Vuo|[22. If [|Vug||r2 # 0, using
the smallness of tails, we see that , for R > Ry,

tﬁl}%Vu@MQ—hAwF*ZChMVudE»
x| <

Choose now ¢ € C§°, radial, with ¢(z) = |z|* for |z| < 1, suppy C {|z| < 2}.
Define now

— [ ute. P R o/ R) do
Similar computations to Glassey’s blow-up proof give:

2p(t) = 2RIm /ﬂVuVi/)(x/R)

and

25 (t) 42 Re / O, Or; () R) O u0a, 1

- RQ/AQ () R)[ul? - /Aw 2/ R)uf?".

Note that |25 (t)] < Cs, R?||Vug||?, by Cauchy-Schwartz, Hardy’s inequality and
our variational estimates. On the other hand,

G > L[<Rvmw2—uaww
_ 2, Jul®
c(ﬁKMQR| m+|2+-<>|>
> Cl|Vul?,

for R large. Integrating in ¢, we obtain: z(t) — 24(0) > Ct||Vuo||?, but |2} (t) —
2,(0)] < 2CR?||Vuo||?, which is a contradiction for ¢ large, proving Theorem 1,
i).

Remark 9. In the defocusing case, the proof is easier since the variational estimates
are not needed.
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Remark 10. It is quite likely that for NV = 3, examples similar to those by P.
Raphéel [38] can be constructed, of radial data wg, for which T} (ug) < 0o and u
blows-up exactly on a sphere.

We now turn to Theorem 2. We thus consider
OPu — Nu = |u*N 2y (z,t) e RV xR
u|t:0 = ug € H(R™) (7)
8tu|t:0 =u; € L*(R") N >3

Recall that W (z) = (1 + |z|?/N(N — 2))7(1\]72)/2 is a static solution that does
not scatter. The general scheme of the proof is similar to the one for Theorem 1.
We start out with a brief review of the “local Cauchy problem”. We first consider
the asociated linear problem,

2w —LAw=nh
wl,_, = wo € H'(R) (8)
atw|t20 =w; € L2(RY)
As is well known (see [42] for instance), the solution is given by
w(z,t) = cos (t\/z) wo + (—A) Y2 sin (t —A) wq
+ /t(—A)_l/2 sin ((t — s)\/z) h(s) ds

0
= S(t)((wo,w1)) + /Ot(A)l/Q sin ((t - s)\/I) h(s) ds.
The following are the relevant Strichartz estimates: for an interval I C R, let
1 lscry = WFll zevenm—2 paoven v,
||f||W(1) = Hf||L§<N+1>/N—1L3<N+1>/N—1 .
Then (see [14], [23])

sup, || (w(t), dew(®)) s 2 + [ DV 20]| . +

—00,400)

0D 20l + 0l +

+ ||w“LEN+2)/N72Li(N+2)/N72 S

< C {l(wo, w1l g + 0l vy was gaovanyoss }
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Because of the appearence of D/2 in these estimates, we also need to use the
following version of the chain rule for fractional derivatives (see [26]).

Lemma 2. Assume F € C?, F(0) = F'(0) = 0 and that for all a, b we have

|[F(a+b)] < C{|F(a)] + IF’( )} and |[F"(a+b)| < C{|F"(a)| + [F"(D)[}. Then,

1_1 1 1
for0<a<1, —Jr— = H+E+E,wehave

i) I\DQF(U)IILP < CIIF'(U)IILPI D%l v
i) [|ID*(F(u) = F))ll o < CUF @)l go + 1F (@)l o] 1D (w = )| 1o

ACIF" @l oy + 1 @) i NPl s + 1D 0l o] = 0]l s -

Using (9) and this Lemma, one can now use the same argument as for (4) to
obtain:

Theorem 7 ([14], [20], [41] and [23]). Asume that
(uo,ur) € HY x L2, || (g, un)[ligr 2 < A

Then (for 3 < N < 6) there exists § = 6(A) > 0 such that if ||S(¢)(uo, w1l gy < 9,
0 €1, there exists a unique solution to (7) in RN x I, with (u,dyu) € C(I;H' x L?)
uHW(I) + HatD—1/2uHW(I) < 00, ||lullgry < 2d. Moreover, the mapping
(ug,u1) € H' x L2 — (u,du) € C(I; H' x L?) is Lipschitz.

Remark 11. Again, using (9), if [[(uo,u1)]f1y 2 < 5, the hypothesis of the The-
orem is verified for I = (—00, +00). Moreover, given (ug,u;) € H' x L?, we can

find } 5 0 so that the hypothesis is verified on I. One can then define a maximal
interval of existence I = (—T_(ug,u1), T (ug,u1)), similarly to the case of (4).
We also have the “standard finite time blow-up criterion”: if T (ug,u1) < o0,
then [[ullg(o 7, (ug,ur)) = T00- Also, if Ty (uo,u1) = +o00, u scatters at +oo (i.e.

I(ud,uf) € H! x L? such that || (u(t), Deu(t)) — S(t)(ug, 0) if

and only if [|u|g g ;o) < +00. Moreover, for ¢ € I, we have

(o)) / Vuol2 + / — B((u(t), u(t))).

It turns out that for (7) there is another very important conserved quantity in
the energy space, namely momentum. This is crucial for us to be able to treat
non-radial data. This says that, for t € I, [ Vu(t) - u(t) = [ Vug - ui. Finally,
the analog of the “Perturbation Theorem” also holds in thls context (see [22]). All
the corollaries of the Perturbation Theorem also hold.

Wire S

Remark 12 (Finite speed of propagation). Recall that if R(t) is the forward fun-
damental solution for the linear wave equation, the solution for (8) is given by (see
[42])

w(t) = OpR(t) x wo + R(t) * wy — /0 R(t — s) * h(s)ds,
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where * stands for convolution in the = variable. The finite speed of propagation
is the statement that supp R(-,t), supp & R(-,t) C B(0,t). Thus, if suppwy C
“B(z0, a), suppwi C “B(zg, a), supph C (Uy<;c, B(zo,a—1t) x {t}], then w =0
on Jy<;<, B(xo,a —t) x {t}. This has important consequences for solutions of
(7). If (ug,u1) = (uf,u}) on B(zg,a), then the corresponding solutions agree on
Uo<cica B(zo,a—t) x {t} NRY x (INTI).

We now proceed with the proof of Theorem 2. As in the case of (4), the proof
is broken up in three steps.

Stepl: Variational estimates Here these are immediate from the corresponding
ones in (4). The summary is: (we use the notation £(v) =1 [ |V — & [

Lemma 3. Let (ug,u;) € H' x L? be such that E((uo,ul)) < (1 = 09)E((W,0)),
[[Vuol® < [[VW|2. Let u be the corresponding solution of (7), with mazimal in-
terval I. Then, there exists § = 6(09) > 0 such that, for t € I we have

i) V)] < (1= 9)[VW]]

i) / Vu®)? — |u(t)* >3 / V(b))

iii) E(u(t)) > 0 (and here E((u,0pu)) > 0)

i) E((u,0pu)) ~ H(u(t),(’?tu(t))||12~{1xL2 ~ ||(u0,u1)||12~qle2, with comparability
constants depending only on dg.

Remark 13. If E((ug,u1)) < (1—2380)E((W,0)), [|[Vuol|?> > ||[VW]|?, then for t € I,
IVu(®)||* > (1+9) |[VW]]>. This follows from the corresponding result for (4).

We now turn to the proof of ii) in Theorem 2. We will do it for the case when
lugll ;2 < oo. For the general case, see [23]. We know that, in the situation of ii),

we have
/|Vu t)]* > 1+5/|VW|2 tel

E((W,0)) = E((u(t), 0u)) + do.

3 [ 1P = 5 @)+ 5 [ IVu - B(.0)) + b
so that

/ u()”” > N]f 5 [ @)+ 2 [19u) - 2 B(7.0) + 276,

Let y(t) = [ |u(t)|?, so that y'(¢) = 2 f t)Oyu(t). A simple calculation gives

y'(t) = 2/{(6tu>2 — [Vu(t))? + \u(t>|2*}.

Thus,
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Thus,
y'(t) > 2/(@@%% (Opu)? —2-2*E((W,0)) +
b hot g [ VP —2 [ [vu) -
- %/(@u)2+%/wu(t)|2—
- [IWE
> %/(@ufjﬁo.

If INJ0,+00) = [0,+00), there exists g > 0 so that y'(tg) > 0, y'(t) > 0, t > to.
For t >ty we have

)= 5= fow? [ (=5 ) v

2 (ﬁ - ;> iét?’

so that

or
y'(t) > Coy(t) N =D/ for &> ¢,

But, since N — 1/N — 2 > 1, this leads to finite time blow-up, a contradiction.
We next turn to the proof of i) in Theorem 2.

Step 2: Concentration-compactness procedure. Here we proceed initially in an
identical manner as in the case of (4), replacing the “profile decomposition” of
Keraani [27], with the corresponding one for the wave equation, due to Bahouri—
Gérard [2]. Thus, arguing by contradiction, we find a number E., with 0 < g <
E. < E((W,0)) with the property that if E((ug,u1)) < Ee, |[Vuo|® < [VW|?,
lullg(ry < oo and E. is optimal with this property. We will see that this leads to
a contradiction. As for (4), we have:

Proposition 3. There exists
(wo,crure) € HY X L2 [[Vugof* < [VW, E((uoe ) = Ee

and such that for the corresponding solution u. on (7) we have |ucllg ) = +oo.
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Proposition 4. For any u. as in Proposition 3, with (say) |luc| g, ) = 400, I+ =
IN[0,+00), there exists x(t) € RN, \(t) € RY, t € I, such that

K:{v(m,t) — <>\(t)]\1,2/2uc<x;(f)(t),t)>

has compact closure in H' x L2,

Remark 14. As in the case of (4), in Proposition 4 we can construct A(t), z(t)
continuous in [0, T4 ((ug.¢, u1.c))). Moreover, by scaling and compactness of K,
if T4 ((uoe,u1,e)) < oo, we have A(t) > Co(K)/(T4((uo,c,u1,c)) — t). Also, if
T ((uo,c, u1,c)) = +00, we can always find another (possibly different)critical ele-
ment v,, with a corresponding A so that A(t) > A > 0, for t € [0, T} ((vo.c; v1.c))),
using the compactness of K. We can also find g decreasing, g : (0, E.] — [0, 4+00) so
that if | Vuol|”> < |[VW | and E((ug e, u1.c)) < E. —1, then [l (00, 400) < 9(n)-

Up to here, we have used, in Step 2, only Step 1 and “general arguments”.
To proceed further we need to use specific features of (7) to establish further
properties of critical elements.

The first one is a consequence of the finite speed of propagation and the
compactness of K.

Lemma 4. Let u. be a critical element as in Proposition 4, with Ty ((ug,c, u1,c)) <
+o00. (We can assume, by scaling, that T4 ((uoc,u1,c)) = 1). Then, there exists
Z € RN such that supp u.(-,t),supp dsue(-,t) C B(T,1 1), 0 <t < 1.

In order to prove this Lemma, we will need the following consequence of the
finite speed of propagation:

Remark 15. Let (ug,u1) € H' x L2, ||(ug,w1)|lg g2 < A. If for some M > 0,
€>0,0<e<ey(A) we have

U 2
Vuol? + unf? + 1205 < ¢,
|z|>M |z|

then for 0 < t < T4 (ug, u1) we have

2
/ \Vu(t)|2 + \8tu(t)|2 + |u(t)|2* + \u(t)2| < Ce.
>3 M+t ||

Indeed, choose ¥y € C®°, ¥y = 1 for |z| > %M, with ¥, = 0 for
|| < M. Let wopr = wonr, uipm = urthpy. From our assumptions, we have
| (wo,nr, wr,00) [ p2 < Ce If Ceg < 8, where 0 is as in the “local Cauchy the-
ory”, the corresponding solution of (7), ups has maximal interval (—oo, +00) and
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SUDPte(—oo,400) (s (), Oeuns (t))[lig1 2 < 2Ce. But, by finite speed of propaga-
tion, ups = u for |z| > 3M + ¢, t € [0, T4 (uo, u1)), which shows the Remark.

We turn to the proof of the Lemma. Recall that A(t) > Co(K)/(1 —t). We
claim that, for any Ry > 0,

(& 7t 2
lim Ve, O + Bruc(a,p)? + 1e@OE g
1 () /7 ()| Ro |z
z—z(t) 4 z—z(t)
Indeed, if v(z,t) = O N/2 Vu, (t) ,t), O @ o))
/ |Vu0(x’t)|2 + |atu0(-r7t)|2 - / |?7(.Z‘,t)|2dy — 0,
|z+z(t)/A(t)|>Ro ly|>A(t) Ro 11

because of the compactness of K and the fact that A\(t) — 4o as t — 1. Because
of this fact, using the Remark, backward in time, we have, for each s € [0,1),
Ry >0

lim |V (x, s)|? + |0pue(z, s)|* = 0.

Y Jlata () /A(®)]2 3 Rot(t—s)

We next show that |z(t)/A(t)] < M, 0 < ¢ < 1. If not, we can find ¢, T 1

so that|z(t,)/A(t,)| — +o0. Then, for R > 0, {|z| < R} C {|z + z(tn)/A(tn)| >
%R + t,}, for n large, so that, passing to the limit in n, for s = 0, we obtain

/ [Vug,cl” + |u1,c]* =0,
|z|<R

a contradiction.

Finally, pick t,, T 1 so that x(t,)/A(t,) — —Z. Observe that, for every ny > 0,
for n large enough, for all s € [0,1), {|z —Z| > 1+ no — s} C {|lz + z(tn)/A(tn)| >
3Ro + (tn — s)}, for some Ry = Ro(no) > 0. From this we conclude that

/ Ve, ) + |eule, 5)Pdz = 0,
lz—x0|>14+n0—5

which gives the claim.
Note that, after translation we can asume that T = 0. We next turn to a
result which is fundamental for us to be able to treat non-radial data.

Theorem 8. Let (ugc,u1,c) be as in Proposition 4, with A(t), z(t) continuous.
Assume that either Ty (ug,c,u1,c) < 00 or Ty (ug,c,u1,c) = +00, A(t) > Ag > 0.

Then
/Vonc *ULe = 0.

In order to carry out the proof of this Theorem, a further linear estimate is
needed:
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Lemma 5. Let w solve the linear wave equation
02w — Aw =h € L{ L2(RN+1)
wl,_, = wo € H'(R)
dw|,_, = wy € L*(RN)

Then, for |a] < 1/4, we have

Kvw(xl—at o t—axl) aw(xl—at o t—ax1>)
Vi—a2' T V1i-a? o Vi—a?2 T V1-a?

< C{llwollgs + lhonlls + 1bll gz -

sup
t L2(dz,dz’)

The simple proof is omitted. See [23] for the details. Note that if u is a solution
of (7), with maximal interval I and I’ CC I, u € L5~1,V+2)/N72L925(N+2)/N72, and

since 25 +1 = {E2, |u[*/N=2y € L}, L2. Thus, the conclusion of the Lemma

applies, provided the integration is restricted to (\“}11:7?2, x, \’Z“_%) eRN x I'.
Sketch of the proof of the Theorem. Assume first that T (ug,c, u1,c) = 1. Assume,
to argue by contradiction, that (say) [ s, (uo,c)u1,. = > 0. Recall that, in this
situation, supp ., du. C B(0,1 —t), 0 < t < 1. For convenience, set u(x,t) =
uc(z,1+t), =1 < t < 0, which is supported in B(0,[t]). For 0 < a < 1/4, we
consider the Lorentz transformation

Za(x]_yx/,t):U(xl at a:m)’

7x?
V1—a2 V1—a2

and we fix our attention on —1/2 < t < 0. In that region, the previous Lemma
and the comment following show, in conjunction with the support property of u,
that z, is a solution in the energy space of (7). An easy calculation shows that
supp 2z, (-, t) C B(0,]t]), so that 0 is the final time of existence for z,. A lengthy
calculation shows that

E((za(+,=1/2), 0za(:, =1/2))) — E((u0,c, t1.c))

lim =—
al0 a v

and that, for some to € [—=1/2,—1/4], [|Vz.(to)]> < [|VW|?, for a small (by
integration in ty and a change of variables, together with the variational estimates
for u.). But, since E((uq.c,u1,c)) = E¢, for a small this contradicts the definition
of E,, since the final time of existence of z, is finite.

In the case when T (ug,c, u1,c) = +00, A(t) > Ap > 0, the finiteness of the
energy of z, is unclear, because of the lack of the support property. We instead
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do a renormalization. We first rescale u. and consider, for R large, ugr(z,t) =
RN=2/24,(Rx, Rt), and for a small

xr1 — at t—ax
za7R(x1,x',t)—uR< L ! 1).

71:7
V1 —a? V1—a?

We assume, as before, that f@xl(uo7c)u17c =~ > 0 and hope to obtain a contra-
diction. We prove, by integration in ¢y € (1,2) that if h(ty) = 0(z)zq,r(z1,2’, t0),
with 6 a fixed cut-off function, for some a; small and R large, we have, for some
to € (1,2) that

E((h(to), 0:h(t0))) < Ee — 5ym

[1vntea)? < [ rowe

We then let v be the solution of (7), with data h(-, ). By the properties of E., we
know that [[v]|g_ o 100y < g(3~va1), for R large. But, since el 5(0,400) = 00,
we have that

and

UR||y2(N+1)/N—-2 ;2(N+1)/N—2 — OQ.
| HL[o,u Lilel<1) R—00

But, by finite speed of propagation, we have that v = 2z, g on a large set and after
a change of variables to undo the Lorentz transformation, we reach a contradiction
from these two facts. O

From all this we see that, to prove Theorem 2, it suffices to show:

Step 3: Rigidity Theorem
Theorem 9 (Rigidity). Suppose that E((ug,u1)) < E(W,0)), [|[Vuo|*> < [ |[VW|?,

w is the corresponding solution of (7), and we let I+ = [0, T4+ ((uo,u1))). Assume
that:
a) /Vuou1 =0

b) There exist x(t), A(t), t € [0, T4 ((uo,u1))) such that
K = {v(x,t) - (A(t)]iwuc (x ;(atc)(t),t) ,
)\(t)lN/Qat“c (x ;(f)(t),t» e I+}

has compact closure in H' x L2.

c) x(t), A(t) are continuous, A(t) > 0. If T (up,u1) < oo, we have A(t) >
C/(Ty —t), suppu, dyu C B(0, Ty —t), if Ty (up,u1) = +00, we have z(0) =
0, A(0) =1, A(t) > Ag > 0.
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Then, T (ug,u1) = +00, u = 0.

Clearly this Rigidity Theorem provides the contradiction that concludes the
proof of Theorem 2.

Proof of the Rigidity Theorem. For the proof we need some known identities (see
[42], [23]).

Lemma 6. Let

2
{|Vu|2 + |0 + |ul® + IU:Q} dz.
x

r(R) = r(t,R) = /

|z[>R

Let u be a solution of (7),t € I, ¢r(z) = ¢(z/R), Yr(z) = xd(x/R), where ¢ is
in C°(Ba), ¢ =1 on || < 1. Then

i) 0, (/vauatu) - —g/(atu)u N2_2 / [IVul? ~Juf? | + O(R))

i) 0, (/ ¢Rvuatu> - /(Btu)Q —/|W|2+/|u\2* + O (R))
iii) 9, (/ . {;|Vu|2 + %(3tu)2 _ 21*|u|2*}> . f/Vuﬁtu + O (R)).

We start out the proof of case 1, Ty ((ug,u1)) = 400, by observing that, if
(ug,u1) # (0,0) and E = E((ug,u1)), then, from our variational estimates, £ > 0
and

sup [(Vu(t), Opu(t)) gy g2 < CF.

We also have

L/WMﬂFfm&W*ZC/HM@W,t>O

and
3 [@u®+ 5 [ (Va0 - P ] = B, t>0

The compactness of K and the fact that A(t) > A > 0 show that, given € > 0,
we can find Ry(€) > 0 so that, for all ¢ > 0 we have

2
|0l + |Vul® + Jul® +ul*” < eE.
o+ 58 | > R(e) |2|?

The proof of this case is accomplished through two lemmas.

Lemma 7. There exists ¢ > 0, C > 0 such that, if 0 < € < €1, if R > 2Rg(e),
there exists to = to(R,€) with 0 < tog < CR, such that for 0 < t < tog, we have

2| < R— Ro(e) and |22 | = R — Ry(e).

() Al)
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Note that in the radial case, since we can take x(t) = 0, a contradiction
follows directly from Lemma 7. This will be the analog of the local virial identity
proof for the corresponding case of (4). For the non-radial case we also need:

Lemma 8. There exists e > 0, Ri(e) > 0, Cyp > 0, so that if R > Rs(e), for
0 < € < €9, we have to(R,€) > CoR/e, where ty is as in Lemma 7.

From Lemma 7 and Lemma 8 we have, for 0 < € < €, R > 2Rg(e),
to(R,€) < CR, while for 0 < € < €2, R > Ry(e), to(R,€) > CoR/e. This clearly is
a contradiction for e small.

Proof of Lemma 7. Since x(0) = 0, A(0) = 1, if not, we have for all 0 < t < CR,

with C large, that ig)‘ < R — Ro(e). Let

t) = /wRVué)tqu (J;[ — ;) /qSRuatu.

lt) =~ [@u? =5 [ [IVul = ] + 00 ().

Then,

But, for |z| > R, 0 < t < CR, we have ‘x—i— ol E= Ry (€) so that |r(R)| < CeE.

Thus, for e small, 25 (t) < C’E /2. By our varlatlonal estimates, we also have

|2r(T)| < C,RE. Integrating in ¢t we obtain CRCE/2 < 2C;RE, which is a
contradiction for C' large. a

Proof of Lemma 8. For 0 <t < t, set

0= [ vn{ 502+ gIvul - ).

For |z| > R, ‘m—i— S| = Role), so that, since [Vuouy = 0 = [ Vu(t)deu(?),
¥ (R) = O(r(R)), and hence |yr(to) — yr(0)| < CeEty. But,

lyr(0)| < CRy(€)E + O(Rr(Ry(€))) < CE[Ry(€) + €R).

Also,

1, 0w 1 p 1. .
yr(to)| / {8u + 5 Vul® = —|u }—
| ‘ ey P20 IV il

(to)

1 1 1 .
2(00)? + =1 Vul? — — w2 Y.
‘/Hwyw on {30+ J19u — Ll

(to)
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In the first integral, |z| < R, so that ¥ g(x) = x. The second integral is bounded
by M ReE. Thus,

1 1 1 «
lyr(to)| > / T {(&u)z + 7|Vu|2 — —*\u|2 } — MReE.
‘I+T(t0)|SRU(E) 2 2 2

X0)

The integral on the right equals

ZL’(to) / {1 2 1 2 1 2*}
- —(0u)” + - |Vu|” — —|u +
)\(tO) ‘$+I(t8)|SRO(e) 2( t ) 2| | 2*| |

A(to)

x(t0)> {1 , 1 o, 1 2*}
T+ —(Ou)” + - |Vu|* — —u ,
Aﬁwm‘g,{g(ﬁ)( A(to) p (Ore) g Vul™ = o2l

A(tg)

so that its absolute value is greater than or equal to
(Ro — Ro(€))E — C(R — Ro(€))eE — CRy(e)E,
thus,
lyr(to)| > E(R — Ro(e))[1 — Ce] — CRy(e)E — MReE > ER/4,

for R large, ¢ small. But then, ER/4 — CE[Ro(e) + €R] < CeEty, which yields the
Lemma for € small, R large. ]

We next turn to the case 2, T ((ug,u1)) = 1, with suppu, dyu C B(0,1 —t),
A(t) > C/1—t. For (7) we canot use the conservation of the L? norm as in the (4)
case and a new approach is needed. The first step is:

Lemma 9. Let u be as in the rigidity theorem, with Ty ((ug,u1)) = 1. Then, there
exists C > 0 so that \(t) < C/1—t.

Proof. If not, we can find t,, T 1, so that A(¢,)(1 —t,) — +oo. Let

z(t) = /xVu@tu+ (Z;Z - ;) /u@tu,

where we recall that z is well defined since suppu, dyu C B(0,1 — t). Then, for
0 <t <1, we have

0= [@uw? =5 [1VuP = jup.

By our variational estimates, F((ug,u1)) = E > 0 and

sup [|(u(t), 0pw) gy 2 < CE
o<t<1
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and 2/'(t) < —CE, for 0 < ¢t < 1. From the support properties of u, it is easy to
see that lim,1q 2(¢) = 0, so that, integrating in ¢ we obtain

A(t)>CE(1—t), 0<t<l.

We will next show that z(t,)/1 — ¢, —— 0, yielding a contradiction. Because
[ Vu(t)dpu(t) =0, 0 < t < 1, we have

etn) _ /(x+a:(tn)/)\(tn))Vu8tu+ (N 1) / udyu

1—t, 1—t, 2 2 1—t,

2 2

Note that, for ¢ > 0 given, we have

/ z(tn)
|a:+ 2(tn) |§e(1—tn)

T+ -
A(tn) )\(tn)

IVultn)[[0cu(tn)] + [u(tn)[|0ru(tn)] < CeE(L — ).

Next we will show that | (t,)/A(t,)| < 2(1—t,). If not B(—z(t,)/A(t,), (1—
tn)) N B(0, (1 —t,)) =0, so that

/ Vu(tn)[* + [Ou(tn)]* = 0,
B(=(tn) /A(ta),(1=tn))

while
2
—x(t,
Vulta) + Brulta) > = va (42 A
A
ot 22 | > (1-1,) W12 A () (1—tn) (tn)
2
y_x(tn) dy
0 .ty — 0,
- “( Mtn) ) P —

which contradicts £ > 0. Then

1 / x(t,)
o+ IVu(tn)||Osu(tn)] <
1-t, ‘z+%|26(17tn) A(tn) '

< 3 / V() [Bru(tn)| =

|o+ {25 [2e(=tn)

)

- 3/ Vu(,tn O t

I (1t )A(En) Altn) T A Altn)Y

[N 0

because of the compactness of K and the fact that A(t,)(1 —t,) — oo, Arguing
udiu

similarly for [ 2% using Hardy’s inequality (centered at —z(t,,)/A(ty)), the proof
is concluded. U
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Proposition 5. Let u be as in the rigidity theorem, with Ty ((ug,u1)) = 1, suppu,
Oru C B(0,1 —t). Then,

K= ((1 HN=220((1 = D) 1), (1 — DN 228,u((1 — t)x,t))
is precompact in H'(RN) x L2(RVN).
Proof.
{ﬁ(x,t) = (1— )% (Va((1 = t)(z — 2(t),1), Bu((1 — )(a — 2(£)),1),0 < t < 1}

has compact closure in L2(RY)N+1 since we have ¢y < (1 —t)A(t) < ¢; and if K
is compact in L2(RNV)N+1,

Ky = {)\N/zﬁ()\x) TeK,cg< A< cl}

also has K is compact. Let now
oz, t) = (1 —t)N2 (Vu((1 — t)z, 1), du((1 — t)z, 1)),

so that 0(z,t) = 0(z 4+ z(t), t). Since supp ¥(-,t) C {z : |z — z(t)] < 1} and E > 0,
the fact that {¥(-, )} is compact implies that |x(t)| < M. But if Ky = {t(z+z0,1) :

|xo] < M}, then Ko is compact, giving the Proposition. O

At this point we introduce a new idea, inspired by the works of Giga—Kohn
[12] in the parabolic case and Merle—Zaag [36] in the hyperbolic case, who studied
the equations (07 — A)u —|ulP~lu =0, for 1 < p < %7 + 1, in the radial case. In
our case, p = ﬁ +1> ﬁ + 1. We thus introduce self-similar variables. Thus,
we set y =x/1 —t, s =1log1/1 —t and define

w(y, s;0) = (1 — )N =2 2u(x,t) = e >N =2/ 2y(e75y, 1 — %),
which is defined for 0 < s < oo with suppw(-,s;0) C {|y| < 1}. We will also
consider, for 6 > 0, us(z,t) = u(x,t+7§) which also solves (7) and its corresponding
w, which we will denote by w(y, s;0). Thus, weset y = x/14+6—t, s =log1/1+5—t
and

w(y,s;0) = (146 — )V "2 22, t) = e SN =22y (e 5y, 1+ 6 — e7%).

w(y, s;90) is defined for 0 < s < —log ¢ and we have

e =0 1-t
.. 8t < = <1- .
supp w(-,s;9) C {|y| S T 1 5}
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The w solve, where they are defined, the equation

1 N(N —2
dw = ;div (pr—p(y-Vw)y)—¥w+

+  Jw*N "2 — 2y - VOsw — (N — 1)d,w

where p(y) = (1 — [y[*)~"/%.
Note that the elliptic part of this operator degenerates. In fact,

1 . 1.
;dw (PVw — p(y - Vw)y) = ;dlv (p(I —y®@y)Vw),

which is elliptic with smooth coefficients for |y| < 1, but degenerates at |y| = 1.
Here are some straightforward bounds on w(+;d) (§ > 0): w € Hg(B;) with

/ [Vwl* + [05w]® + [w]* < C.
B,

Moreover, by Hardy’s inequality for H}(Bj) functions, ([6])

2
/ [w(y)| e
B, (1 - ‘y|2)
These bounds are uniform in § > 0, 0 < s < —logd. Next, following [36],we
introduce an energy, which will provide us with a Lyapunov functional for w.

dy
—{0w)? + |Vul* = (y- Vw)?} —————— +
/Bl t vl ") (1—|y)"?

N(N-2) , N-2 2*} dy
+ / { w” — ———|w _—
By 8 2N (1— |y|2)1/2

Note that this is finite for § > 0. We have:

E(w(s;0))

Lemma 10. For 6 >0, 0 < 51 < 59 < 10g1/(5

i) E(w(s2)) — E(w(s1)) / /B | |2 o7 —2 2 ___dsdy, so that E is increasing
1 )
1 1+N dy
i) f/ [(83111) cw — wz]
25, 2 Ja- |y|2>1/2 .
=— E ))ds + — / / dsdy+
/~ N o Jbi |y| a-wp'”

52 dswwlyl® dy
+/ / {35w2+85wy-Vw+ .
o O A=) =)

S92
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iii) llirnl/(s E(w(s)) = E((uo,u1)) = E, so that, by i), E(w(s)) < E for 0 <
s—log
s <logl/é.

The proof is computational. See [23]. Our first improvement over this is:

1 2
Lemma 11. / / Lw)Qdyds < Clogl/s.
B, (1—1[y*)

Proof. Notice that

= [t =t/ [§<asw>2+l<|w2—<y~w>2>+

(N —2)N N —
+ v oy 2wl | [~ toa(1 — [y/?)] dy +

+ [ Dloglt ~ ) + 2] y- Vud.w ~ log(1 - ly) (0. -

- 2 / (Osw)*.

We next integrate in s, between 0 and 1 and drop the next to last term by sign. The
proof is finished by using Cauchy—Schwartz and the support property of w(-;d). O

Corollary 4. a) / / ‘ |2 1/2dyds < C(log1/6)*/?
B1

b) E(w(1)) > —C(log1/6)'/?

Proof. a) follows from ii), iii) above, Cauchy—Schwartz and the previous Lemma.
Note that we obtain the power 1/2 on the right hand side by Cauchy—Schwartz.
b) follows from i) and the fact that

/E ))ds > —C(log1/6)/2,

which is a consequence of the definition of E and a). O

Our next improvement is:

log1/6
Lemma12/ / 3/2_ C(log1/8)/2.
B1 ( Iy\

Proof. Use 1), iii) and the bound b) in the Corollary. O
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Corollary 5. There exists 55 € (1, (log1/8)%/*), such that

/85+(10g1/5)1/8/ (agw)2 C
( _ .
35 B (1—|y|2)¥?* ~ (log1/0)1/8

Proof. Split (1, (log1/6)**) into disjoint intervals of length (log1/8)/®. Their

number is (log1/6)*/® and 3 — L = 1. 0

Note that in the Corollary, the length of the s interval tends to infinity,
while the bound goes to zero. It is easy to see that if 55 € (1, (log 1/6)3/4), and
Ss = —log(1+ 8 —t5), then

‘l—t(; _ 1’ < o84,

1490—1ts

which goes to 0 with 6. From this and the compactness of K, we can find 6; — 0,
so that w(y,ss, + s;0;) converges, for s € [0,S] to w*(y, s) in C([0, S]; HY x L?),
and w* solves our self-similar equation in By x [0, S]. The previous Corollary shows
that w* must be independent of s. Also, the fact that £ > 0 and our coercivity
estimates show that w* # 0. (See [23] for the details). Thus, w* € HE(Bj) solves
the (degenerate) elliptic equation

N(N —2)

1 w* + |w*|4/N72w* _ 0’

1 . * *
;dlv (pVw* —p(y - Vw*)y) —

ply) = (1= Jy*) /2

We next point out that w* satisfies the additional (crucial) estimates:

* |2 vw*2_ 'Vﬂ)*2
Ay g
B (1—1y?) B (1= 1y?)

Indeed, for the first estimate it suffices to show that, uniformly in j large, we have

S5, 16 . 2%

[ ) o

s, I (1—y[?)
which follows from ii) above, together with the choice of 55,, by the Corollary,
Cauchy—Schwartz and iii). The proof of the second estimate follows from the first
one, iii) and the formula for E.

The conclusion of the proof is obtained by showing that a w* in H}(Bj),

solving the degenerate elliptic equation with the additional bounds above, must
be zero. This will follow from a unique continuation argument. Recall that, for

ly| < 1—ng, no > 0, the linear operator is uniformly eliptic, with smooth coefficients
and that the non-linearity is critical. An argument of Trudinger’s [51] shows that
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* L J—

is bounded on {|y| < 1 —ng} for each ny > 0. Thus, if we show that w* =
near |y| = 1, the standard Carleman unique continuation principle [19] will show
w* =

Near |y| = 1, our equation in modeled by (in variables z € RN~! r € R,

r >0, near r = 0)
rl/Qar(rl/Qarw*) + ALw* 4 cw” + |w*|4/N72w* =0.

Our information on w* translates into w* € HJ((0,1] x (|z| < 1)) and our crucial
additional estimates are:

// |w*(r, 2) d+// |V w* rz)| dz<oo
[z]<1 |z|<1

To conclude, we take advantage of the degeneracy of the equation. We “desin-

gularize” the problem by letting r = a2, setting v(a,z) = w*(a?,2), so that

dqv(a, z) = 2r'/20,w*(r, z). Our equation becomes:
Pvut+Avtco+ N 2u=0, 0<a<l,|z|<1, vlamo=0,

and our bounds give:

1 1
/ / |V.v(a, 2)*dadz = / / |V w*(r, 2)|? (f—/zdz < 00,
0 J|z|<1 0 J|z|<1
1 da 1
/ / |0av(a, 2)|*—dz = / / |0, w* (r, 2)|*drdz < co.
0 Jlz|<1 a 0 J)z|<1

Thus, v € H((0,1] x By), but in addition d,v(a, 2)|a=0 = 0. We then extend v by
0 to a < 0 and see that the extension is an H' solution to the same equation. By
Trudinger’s argument, it is bounded. But since it vanishes for a < 0, by Carleman’s
unique continuation theorem, v = 0. Hence, w* = 0, giving our contradiction. [J
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