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ABSTRACT. An algebraic decay rate is derived which bounds the time
required for velocities to equilibrate in a spatially homogeneous flow-
through model representing the continuum limit of a gas of particles
interacting through slightly inelastic collisions. This rate is obtained
by reformulating the dynamical problem as the gradient flow of a con-
vex energy on an infinite-dimensional manifold. An abstract theory
is developed for gradient flows in length spaces, which shows how de-
generate convexity (or even non-convexity) — if uniformly controlled
— will quantify contractivity (limit expansivity) of the flow.

1. INTRODUCTION

It has been known since the work of Otto [43] that various familiar diffu-
sion equations can be considered, at least heuristically, to be gradient flows
on the space of probability measures, endowed with a manifold structure
and local metric whose arc length distance coincides with the quadratic
Wasserstein distance,

1/2
dista(po, p1) :inf{/v—w|2d’y(v,w); VEF(po,pl)} ; (1.1)

here T'(po, p1) is the set of probability measures on R? x R% having marginals
po and p;. Otto showed how to use these heuristics to study the long-time
behavior of nonlinear porous-medium type equations. His work has inspired
numerous developments, some of which are reviewed in [52].

The present paper deals with applications of this point of view to diffu-
sion equations whose nonlinearities may also present a nonlocal structure,
as found in the kinetic models of Benedetto et al for equilibration of ve-
locities in granular media [11, 12, 13]. It is the sequel to our previous
work [23], in which we studied these equations by means of entropy meth-
ods, or more precisely, convergence of the energy functional towards its
infimum as time becomes large. In the present paper we shall pursue two
goals. The first of these is to complement our previous study by estimating
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rates of convergence in quadratic Wasserstein distance. Although conver-
gence in Wasserstein distance may be weaker than convergence in entropy
sense, as explained and illustrated in [23], this approach offers several ad-
vantages: 1) Wasserstein distance is the natural distance associated with
the gradient flow structure under examination; 2) the assumption of finite
Wasserstein distance is much more general than the assumption of finite
entropy; 3) most importantly, this approach enables one to directly com-
pare two different solutions, instead of just comparing each solution to the
stationary one. Thus much information is gained about the short-time be-
haviour of the flow as well as its long-time asymptotics. For instance, when
we can show that the distance between any two solutions does not grow too
quickly as a function of time, uniqueness of solutions and extension of the
flow to singular initial data follow immediately. If these distances actually
decrease — which is often the case — then existence and uniqueness of a
fixed point may also be inferred from contractivity.

This investigation will lead us to examine in fine detail the structure of
the space of probability measures equipped with the Wasserstein distance.
Thus the second goal of our paper is to develop a formal mathematical
framework for Otto’s ideas. To do this, we shall study the space of probabi-
lity measures Py (R?) with finite second order moments, viewed as a length
space. This provides a conceptual setting in which many known results, and
some new ones, fall into place naturally. We introduce an additional struc-
ture, which we call a Riemannian length space, to axiomatize key ingredients
of Otto’s approach and serve as a convenient framework for converting his
heuristical arguments more directly into rigorous theorems. This framework
is successful in allowing us deal with smooth and positive densities evolving
either on bounded domains @ cC R? with no-flux boundary conditions or
on R? but rapidly decaying as v — oo; it still requires the approximations
employed by Otto to extend the results to general initial data or evolutions
on the whole of R% whose phase space decay is not exponential.

This paper has been in gestation for quite a long time: its results were
announced already at the Azores TMR Summer School on Mass Transporta-
tion Methods in Kinetic Theory and Hydrodynamics (4-9 September 2000).
The intervening years have seen a number of related and important inde-
pendent developments illustrating the relevance and power of these ideas.
A study of this length space structure was performed by Ambrosio, Gigli
& Savare [7, 8]. Their construction has a lot to do with ours, even if some
of their goals and the tools that they employ are quite different: the au-
thors in [8] studied general results for existence of gradient flows for convex
energy functionals on this length space, establishing the 2-uniform contrac-
tion rates discussed below as a byproduct of their investigation. For this
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reason, they develop a more general theory, which enables them to handle
singular measures, whereas our analysis is largely restricted to probability
measures which are absolutely continuous with respect to Lebesgue measure.
(Our Riemannian length space structure can be extended to handle singu-
lar measures, but the resultant ambiguities in particle labelling then lead
to geometrical pathologies). Their focus is on absolutely continuous curves
in the ambient length space, whereas ours is on global parameterizations of
this space using exponential maps in lieu of Riemann normal coordinates
at each point. We refer to [8] for further explanations. Our main theorem
gives an explicit estimate on the growth or decay of the distance between
any two solutions of a subgradient flow in the Riemannian length setting
that we introduce. To apply it in the particular case of the 2-Wasserstein
for probability measures and to the partial differential equation models we
deal with, we either work with smooth and positive solutions evolving on
a bounded domain, or else need to perform a series of approximations to
the equations which does not close all the possible cases (see last section for
precise open problems). Another approach would be to try to extend the
existence theory and contractivity estimates of Ambrosio, Gigli & Savare
[8] to energies with degenerate convexity, and then verify the resulting flows
coincide with the partial differential evolutions we are interested in.

Other authors exploring similar themes include Carlen & Gangbo, who
in their investigation of the kinetic Fokker-Planck equation show the length
space (P2(R%), disty) posseses a conical structure [19] analogous to a warped
product in Riemannian geometry, and Cordero-Erausquin, Gangbo & Hou-
dre [27], who establish various expressions of uniform displacement con-
vexity for entropies E : Po(R?) — R with respect to more general costs
on P2(R%). When the cost is given by disty, these relate to our rate of
convergence results. The displacement convexity of such entropies — which
amounts to convexity along geodesics in (P(R?), disty) — originated in
work of McCann, where it was established using a particular geodesic struc-
ture without reference to an underlying metric [40]. The application of
displacement convexity to rates of convergence in nonlinear evolution equa-
tions begun by Otto [43], was recently explored for more general costs asso-
ciated with different nonlinearities by Agueh [1, 4] and Agueh, Ghoussoub
& Kang [2] [3]. Finally Sturm & von-Renesse [49] have shown equivalence
of 2-uniform semiconvexity of the Boltzmann entropy (or exponential con-
tractivity of the heat semigroup with respect to 2-Wasserstein distance) to
lower bounds for the Ricci curvature on a Riemannian manifold. Sturm [46]
[47] [48] and Lott & Villani [38] extended this idea to nonlinear evolution
equations, and to a means of defining Ricci curvature bounds in abstract
metric-measure spaces.
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Typical equations to which the present considerations apply take the
form

&V VA () + B+ O], (1.2
where p : [0,T] x Q@ — [0,+00] is an integrable density, @ C R?, and
A :[0,00) — R and B,C : R — R are convex potentials. In the
one-dimensional models for granular media which motivated our original
interest, p(t,v) represents a distribution of velocities v € Q at each time,
and the three potentials model the effects of: A) random interactions of the
granules with their environment (a fluid or heat bath), B) friction, and C)
inelastic collisions between granules with different velocities — the nonlocal
source of nonlinearity. Notice equation (1.2) is appropriate to spatially
homogeneous initial conditions — meaning p(t, x,v) = p(¢,v) depends only
on the velocity coordinate v in phase space and not the position z — so it
would be natural to study the evolution on the entire space tangent space
of velocities v € Q = R%. However, for technical reasons, as in [43, 22], it is
often convenient to begin by formulating the problem on a bounded convex
domain of velocities @ cc R with no-flux boundary conditions,

pra -V (A (p)+ B+ Cxp)=0, on (t,v) € [0,7] x 99, (1.3)

and study the large domain limit Q — R? subsequently. Here v denotes the
outer unit normal at v to (. Later on in the text, we may use the variables
x or y in place of v; regardless of its name, our independent variable always
represents a velocity in kinetic models. The notion of solution for which we
will obtain our rates of decay results will be detailed in Section 6, but let
us announce that rates of decay will be obtained for smooth solutions and
thus, generalized for weak solutions constructed by suitable approximation
procedures.

The spirit of our results is captured by the following examples. We
assume power law potentials here for simplicity; more general potentials are
addressed in later sections. For a # 1, we will discuss primarily smooth,
positive densities evolving on a bounded domain; we go through the details
of extending the conclusions to the entire space 2 C R? only for the most
relevant situation of linear diffusion (a = 1).

Example 1.1. Take B(v) = Blv|**2/(b+2) and C(v) = y[v|**?/(c+ 2),
and

ap®/(a—1) l;aéazmax{df;l,#'l2 (1.4)
aplog o a=1 ’

o) = {
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with o, 3,7 > 0 and b > 0,c > —1. The Wasserstein L? distance d; :=
dista(p1(t), p2(t)) between any two solutions of (1.2-1.3) on Q CC RY de-
cays like

d < e_ﬁtdo b=0

= do(1 4 Btb(do/2)0)" 8 ~2(8th)"Y0 b >0

in the presence of friction 8 > 0. When friction is negligible, meaning
B =0, the inelastic collisions v > 0 alone yield a decay rate

4 < e td, c=0

= do(1 4 vte(do/V/2)0) M e ~ V2(yte) Ve c >0,

provided the center of masses of the two solutions coincide at each point

in time; this will be true if, for example, we assume reflection symmetry
Q= —-Q and p(0,v) = p(0, —v) initially (and hence for all time).

(1.5)

(1.6)

In the most interesting cases of interaction potentials C(v) =
y|v|¢*t2/(c + 2), we are able to overcome the restriction of reflection symme-
try by approximating the solution using very smooth fixed center of mass
solutions of the same equation which decay quickly at infinity on all of R?
[23]. Precise statements are given in the last section.

Choosingd =1,a =1,b =0, ¢ = 1 produces the one-dimensional granu-
lar models of Benedetto, Caglioti, Carrillo, & Pulvirenti [11, 12]. There the
presence or absence of friction can mean the difference between exponen-
tially fast and algebraically slow thermalization: indeed, Benedetto, Caglioti
& Pulvirenti’s original calculation shows that neither the constants nor the
exponent of the algebraic bound (1.6) can be improved when o = = 0. In
this special case, all velocities converge to a single equilibrium value, and
the slow convergence results from the rate of collisions dwindling to zero
along with the dissipated energy per collision. The mathematical reason
for this algebraic rate is collapse of the relative sand grain velocities v — U
onto the unique point where the second derivative of the collision potential
C(v —v) = |v —v|3/3 vanishes. We eventually showed in our companion
paper how exceptional this example is: the algebraic bound (1.6) can be
improved to an exponential bound provided « > 0; the presence of a heat
bath speeds up thermalization by ensuring that neither the rate of collisions
nor the dissipated energy becomes too small. The resulting bound differs
from (1.5) however, in that the exponential rate of contraction we derive in
this case is not global, but depends on the initial entropy of p;(0) and p2(0)
[23].

For a # 1, it may also be possible to extract the same results in the large
domain limit  — R?, but a complete discussion of most general conditions
which permit this would form the subject of separate treatise; the presence
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of friction B > 0 above is sufficient if b > 0. When § = 0 the center of mass
condition is necessary for convergence in Wasserstein distance on = R%:
translation invariance implies the average velocities (v),, () and (v),, ) from
(5.5) do not change; if they differ initially then d; > [(v),,0) = (V) p,(0)]
cannot converge to zero. Compare how barycenter enters explicitly in the
inequalities formulated by Agueh, Ghoussoub & Kang [2].

Let us also mention that Wasserstein contraction estimates have been
obtained recently by Li & Toscani [37] for the family of one dimensional
granular media models introduced in [51]. Their main idea is to use the
particular explicit formula of the Wasserstein distance in one dimension. In
fact, the optimal transport map in one dimension is always the same for
all convex costs and is defined in terms of the inverse distribution func-
tions of the measures involved. A short review of these ideas applied to one
dimensional nonlinear diffusion-dominated equations can be found in [25].
Wasserstein contraction estimates play a role in controlling the expansion of
the support of solutions for one dimensional nonlinear diffusions as recently
pointed out in [21] for the porous medium equation and in [20] for diffusion-
dominated equations. Similarly, Bolley, Brenier & Loeper have found that
scalar conservation laws in one-dimension contract the p-Wasserstein dis-
tance between the derivatives of the solutions for all p € [1, co] [17].

Finally, let us also point out that a related equation that it is also in-
cluded in this theory (at least formally) is the one dimensional nonlinear
Fokker-Planck equation arising in free probability [15], also called the free
Fokker-Planck equation. The linear diffusion term is replaced by the Hilbert
transform in this equation. The free Fokker-Planck equation has also a for-
mal gradient flow structure with respect to a logarithmic interaction energy
functional. In one dimension, this energy happens to be displacement con-
vex in the sense of McCann [40], as observed and exploited by Blower in
the context of random matrix theory [16].

2. A SCHEMATIC CARTOON OF THE RATE ARGUMENTS

Before attempting to construct an abstract argument in a context fraught
with perils of nonsmoothness, infinite dimensions, and degenerate convex-
ity, it is instructive to recall the ideas behind the convergence arguments
in their simplest form. The setting will be so simple that not only are the
results well-known, they could all be deduced by a good sophomore calculus
student. Nevertheless, they serve to contrast the contraction strategy devel-
oped hereafter with the Bakry-Emery [10] type entropy production analysis
employed in Otto [43] and in our previous work [23].
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Fix E € C?(R%) and consider solutions of the ordinary differential equa-
tion J
Tt
— =-VE 2.1
. (z0) (21)
corresponding to steepest descent or gradient flow on the energy (entropy)

landscape determined by E. Here I will denote the d x d identity matrix.

Proposition 2.1 (Contraction / expansion bounds in a semi-convex valley).
Fiz k € R. If E € C?*(RY) satisfies D*E(z) > kI throughout R%, and the
curves z; and t € [0,00) — y; € R? both solve the differential equation
(2.1), then |Tetso = Yerto| < €|ty — Yso |-

Proof. Set f(t) = |z¢ — y¢|?/2. Then
f'(t) —(zt =y, VE(zt) = VE(y1))

= —<33t - yu/o DQE[(l — 8)xs + Syt] (Yt — $t)d5>

< —2kf(t) /01 ds.

Gronwall’s inequality (integration) implies the desired result: f(t + tg) <
G_thf(to). (Il

If £ > 0, more can be achieved. The convexity of E is said to be 2-
uniform, and we have shown that the solution map xzy € R¢ — Xi(xo) = x4
of the initial value problem (2.1) defines a uniform contraction on R for
each t > 0. The C? smoothness of E ensures that the solution map is well-
defined locally in space and time; the map is globally defined for all future
times since z; is constrained to lie in the level set {z | E(z) < E(xg)}, whose
compactness follows from the coercivity of E(z) > E(zo) + (VE(zg),x —
xo) + K|z —20|?/2. Since R? is complete, the contraction mapping principle
dictates that this map has a unique fixed point X;(7s) = To. € R, and
each solution curve z; = X;(xg) must converge to T, in the long time
limit ¢ — oo. If we are only interested in the rate of convergence to z,
an alternative to Proposition 2.1 can be based on the Bakry and Emery
entropy production approach. We give that argument here for comparison’s
sake. The quantity estimated is the decay rate of the slope |VE(z:)| — 0;
by the analogy discussed at the end of this section, the square of this slope
is called the information.

Proposition 2.2 (Entropy production and information decay rate). Fix
k € R such that E € C*(RY) satisfies D*E(x) > kI throughout RY.
Then any solution t € [0,00) — z, € R? of (2.1) satisfies |VE(z44,)] <
e MV E(24,)]-
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Proof. Let f(t) := |VE(x;)|*/2. Then

—f'(t) = —(VE(x;),D*E(x;) &)
= (VE(zy), D’E(x;)VE(x))
> 2kf(1),

and Gronwall’s inequality proves the desired estimate: f(t-+to) <e™2kf(ty).
O

While the conclusions of these two propositions are not immediately
comparable, the following consequence (2.2) of 2-uniform convexity relates
them. It shows that information dominates the altitude or relative entropy
E(z) — E(zx), which in turn dominates horizontal distance squared. Thus
in the limited range of validity £ > 0 and y; := 2, and apart from con-
stants, Proposition 2.2 trumps Proposition 2.1. On the other hand, (2.3)
also shows that if information remains bounded, then convergence in the
weakest sense, namely of distance (unsquared), also implies convergence in
the stronger sense of relative entropy.

Lemma 2.3 (Manifestations of 2-uniform convexity). Let 0 < f € C?*(R)
satisfy f(0) = 0 and f"(s) > k > 0 for all s € R. Then ks®> < 2f(s) <
E7HS ()P and

f(s) < sf'(s) — ks?/2.

Proof. Let g(s) := f(s)—ks?/2. Taking two derivatives shows g(s) is convex,
so its critical point at the origin must be a minimum: g(s) > ¢g(0) = 0. This
proves the first inequality.

Since f(s) > 0 is strictly convex, its minimum f(0) = 0 is its only critical
point. Defining h(s) := |f'(s)[?/2 — kf(s), we see that f’(s) and hence
K(s) = f'(s)(f"(s) — k) have the same sign as s € R. Thus h(s) has
no critical points apart from a global minimum at zero, and the second
inequality is established: h(s) > h(0) = 0.

Finally, let e(s) = sf’(s) — ks%/2 — f(s). Then ¢'(s) = s(f"(s) — k) also
has the same sign as s € R, so its unique critical point is a global minimum
at zero: e(s) > e(0) = 0 to complete the proof of the lemma. O

Corollary 2.4 (Log Sobolev, transportation, and HWI inequalities). Sup-
pose E(rs) < E(z) € C*(RY) and D*E(z) > kI > 0 for all z € R
Then

Mo~ eel? < B(a) — Blaao)

IA

1
55 VE(@)? (2.2)
and E(z) — E(zs)

IN

|z — 2o || VE(2)| — K|z — 200|%/2. (2.3)



CONTRACTIONS AND THERMALIZATION OF GRANULAR MEDIA 9

Proof. The conclusions of the lemma continue to hold under the relaxed
hypothesis f(s) > k, as is easily seen by replacing k with k—1/n and taking a
limit 7 — oco. Given x € R%, the function f(s) := E(moo+3|§:';z\ )—E(Too)
satisfies the hypothesis f”(s) > k. Setting s = |x — x| in the conclusion
of the lemma, Cauchy-Schwarz yields the desired inequalities (2.2-2.3). O

For the reader familiar with Riemannian geometry, it is not hard to ex-
tend the results of this section to a C? function E : M — R on a complete
Riemannian manifold (M, (, )) satisfying the Hessian bound D?*E > k( , ).
For example, (2.3) takes the form

E(z) — BE(rs) < dist(x, 200)|VE(z)| — kdist(z, 700)? /2. (2.4)

where dist(z, 2z~ ) denotes arclength (geodesic) distance between x and
Zoo € M induced by the Riemannian metric ( , ). Our primary task
will be to extend the argument of Proposition 2.1 to the length space
M = Py(R%) of probability measures metrized by quadratic Wasserstein
distance, to obtain optimal contraction rates under a range of degenerate
convexity assumptions. Following Otto’s work [43], analogs of Propositions
2.2-2.4 have been explored in this setting by Agueh [1], Agueh, Ghous-
soub, & Kang [2], Carrillo, Jiingel, Markowich, Toscani & Unterreiter [22],
Cordero-Erausquin, Gangbo & Houdre [27], Otto & Villani [44], and our
parallel work [23]. In the classical case of linear diffusion with quadratic
confinement (Example 1.1 with « = 8 =a =1 and v = b = 0), the relative
energy F(p) — E(pso) reduces to the Boltzmann entropy (5.1) of p = f2peo,
and |[VE(p)|? to its Fisher information. As explained in these references,
the first inequality in (2.2) becomes Talagrand’s transportation inequality
[50], the second the log-Sobolev inequality of Gross and others [35], while
(2.4) becomes the HWTI inequality of Otto and Villani [44]. In particular,
(2.4) indicates how 2-uniform displacement convexity on a neighbourhood
of £, converts convergence in the weak metric dists to convergence in rel-
ative entropy. From there it can often be converted to strong convergence
in L'(RY) via a Csiszar-Kullback inequality, as in [22, 43]. This helps to
explain part of the interest in Wasserstein contraction rates. Although we
were not aware of it at the time of first writing, analogs of Proposition 2.1
were explored simultaneously and independently by Ambrosio, Gigli and
Savare [8], and for the heat equation in a Riemannian setting by Sturm
and von Renesse [49], who showed the p-Wasserstein contraction / expan-
sion rate for each p > 1 is given by the sharp lower bound k& € R for the
Ricci curvature of the manifold. Refinements of this observation have been
pursued by Sturm [46] [47] [48] and Lott & Villani [38].
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3. GRADIENT FLOWS ON RIEMANNIAN LENGTH SPACES

In this section we develop an abstract theory governing gradient flows
on Riemannian manifolds. By gradient flow we refer to a family of maps
X; : M — M parameterized by ¢t € (a,b) C R solving the differential
equation

dXt
dt
associated to some energy E : M — R U {400} and satisfying the initial
condition Xo(z) = z. Our immediate goal is to show how convexity of

E along geodesics governs contractivity of the flow X;. In particular, we
recover the result mentioned above that D?E > k > 0 implies

dist(X,(z), X¢(y)) < e " dist(z, ). (3.2)

= —grad B(X}) (3.1)

More importantly, we show the degenerate convexity present in our model
for granular media implies a corresponding expression with algebraic (in-
stead of exponential) decay.

Since our ultimate plan is to apply these ideas in an infinite-dimensional
setting which corresponds only loosely to a Riemannian manifold, it is nec-
essary to develop our theory in a more general setting. The basic structure
we need is given by the concept of length spaces [33, 34]. However, this
is not enough to make rigorous our approach to equilibration in granular
media. We therefore introduce some additional structure to define subgra-
dient flows and relate the geodesic distance to a distance induced by the
nominally “Riemannian” metric.

Given a continuous curve u : [a,b] — M in a metric space (M, dist), its
length L(u) is defined as a supremum over finite partitions IT = {s; | a =
50<51<"'<Sk:b}by

L(u) ;== sup Z dist(us,, us, ,)-
TCla,b] ;=
Obviously, this length depends only on the curve and is invariant under
monotone reparameterizations. Moreover, £(u) > dist(ug,up) by the trian-
gle inequality.

Definition 3.1 (Length Space). A metric space (M, dist) is called a length
space [33] (c.f path metric space [34]) if each x,y € M satisfy

dist(x,y) = inf L(u), (3.3)
ul=y
where the infimum is over all continuous curves us € M joining ug = x to
uyr =v.
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Example 3.2 (Minimal Geodesics). Fiz (M, dist), and suppose a con-
tinuous curve us € M exists satisfying dist(us,ust:) = tdist(ug,ur) for
0<s<s+t<1 and linking any given pair of endpoints ug,uy € M. Then
L(u) = dist(ug,u1) achieves the infimum (3.3) so (M, dist) is a length
space. Such curves (and their affine reparameterizations) are called mini-
mal geodesics.

The convexity properties to be required along minimal geodesics are laid
out in the following definitions, which we have designed. The term modulus
of converzity refers to any function ¢ taking a single sign on the positive
reals and satisfying three conditions (¢o—¢2):

(¢0) ¢ : [0,00) — R is continuous and vanishes (3.4)
only at ¢(0) = 0;
(¢1) ¢(x) > —kx for some k < o0; (3.5)
(¢2)  o(z) +o(y) < oz +y) (superadditivity); (3.6)
(63) xs(x) = ;/ﬁ ¢(t)dt is convex on xz > 0 (3.7)
[1-2s|v/&

for each fixed s € [0, 1].

For our main application discussed in §6, we shall also require the additional
hypothesis (¢3). It is therefore convenient to remark that if ¢ is convex
then (¢p) and (¢1) together imply all four conditions (¢o—¢3) have been
satisfied. Indeed, convexity of ¢(t) implies the (right-continuous) function
o(t) = t¢'(tT) — ¢(t) is non-negative and non-decreasing on ¢ > 0, which
implies nonnegativity a.e. for the second derivatives

8232\ () = o(x/?) — |1 — 2s|o (|1 — 2s|z'/?)

of the C’llo’cl—smooth function ys(x); the asserted convexity (¢3) follows
throughout = > 0.

Definition 3.3 (¢-Uniform Convexity). A lower-semicontinuous energy E :
M — RU{+oc0} on the length space M is said to be ¢-uniformly convex if
1 L
E(up) — E(us) — E(u1—s) + E(uy) > 7/ p(t)dt ,0<s<1, (3.8)
[1—2s|L
along each minimal geodesic us € M of length L = dist(ug,u1) linking
endpoints of finite energy.

Example 3.4 (Geodesic convexity; 2-uniform convexity; semiconvexity).
(1) If ¢ := 0, then (3.8) with s = 1/2 asserts midpoint convezxity of E.
Lower semicontinuity then implies convezity of E as a function of
arclength along all minimal geodesics in M. Thus (3.8) with ¢ =0
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will be called geodesic convexity of E, or displacement convexity in
the context of the Wasserstein length space (1.1).

(2) Condition (3.8) with ¢(s) = ks > 0 is called 2-uniform convexity
with constant k.

(3) Condition (3.8) with ¢(s) = —ks < 0 is called semiconvexity with
constant k.

Conditions equivalent to ¢-uniform convexity can also be given on deriv-
atives of F:

Lemma 3.5 (Differential characterization of ¢-uniform convexity). The
following condition on a lower-semicontinuous E : M — R U {400} is
equivalent to g-uniform convexity, provided it holds on all minimal geodesics
s € [0,1] — us € M whose endpoints have finite energy: (i) E(us) is
continuous on [0, 1], its distributional derivative belongs to BV,.(0,1), and
the left and right derivatives, when they exist, satisfy

2 B(u)

d
ds ~ g5 s

- ds

> ¢(dist(ug, uy)) dist(ug, ug). (3.9)
0+
Proof. Let s € [0,1] — us € M be a minimal geodesic whose endpoints
have finite energy, and set L := dist(ug,u1). To begin, assume E is ¢-
uniformly convex. From hypothesis (¢1) in (3.5) and (3.8), we see that
E(us)+kL?s?/2 is a convex function on s € [0,1] as in Example 3.4.1. Any
real-valued lower-semicontinous convex funtion on the unit interval is actu-
ally continuous and has a non-decreasing derivative: more precisely, the left
and right derivatives are given everywhere by two nondecreasing functions
which differ only on a countable set. It follows immediately that E(us)
has left and right derivatives everywhere which agree a.e., and %E (us) is
BVie(0,1).

To deduce (3.9), rewrite (3.8) as

E(ul) — E(Ul—s) _ E(US) — E(Uo) > i L
s S - 2s [1—2s|L

—  Lo¢(L) as s — 0,

¢(t)dt

and take the limit s — 0.

Conversely, assume E(us) is a continuous function of s € [0,1] with
4 E(us) in BVjo(0,1) and (3.9) holds. Noting that s € [0,1] — v, :=
Ur4s(1—27) gives a minimal geodesic linking u, to u(;_,), we have

%E(ut) B @E(ut) — T 1-2r ds

Lo((1—27)L)

d d 1 [dE(vs)]l

o+

(1—7)—

%
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for each 7 € (0,1/2). Integrating this inequality over (d,s) C (0,1/2) yields
1 S
E(us) — E(us) — E(u1—s) + E(u1-s) > 5/ ¢((1 —27)L)2Ldr.
s

Letting 6 — 0 and changing variables to t = (1—27)L we recover (3.8). This
shows that (3.9) implies ¢-uniform convexity and completes the proof. O

Example 3.6 (¢-Uniform convexity on the line). For a smooth enough
function E : R — R, a simple arclength rescaling shows ¢-uniform con-
vexity to be equivalent to the following condition: for each xg,x1 € R with

Ty < T1,
1 dE
E'(2)dx = —
/xo (z)dz dzx

_dE
dr

Z1

Zo

This characterization of ¢-uniform convexity via second derivatives shows
why superadditivity is a natural restriction on ¢(s): (3.6) merely implies
that the mass of E”(ds) on each interval of length x + y is no less than the
sum of the masses required on disjoint intervals of length x and y.

Example 3.7 (Powers). The second derivative condition (3.10) also makes
clear that:

(a) For ¢(s) = ks, a smooth energy on a Riemannian manifold is ¢-
uniformly convex if and only if D?°E > k.

(b) For ¢(s) = ksi=t > 0 with ¢ > 2, definition (3.8) coincides with the
q-uniform convezity discussed in Ball, Carlen and Lieb [9]. In particular,
C(x) = |z|9/q is ¢-uniformly convex on R with constant k = 2279, This
notion also coincides with the c-uniform convexzity of potentials in R% used
in [27, 1].

At this point, let us introduce the additional structures on M required
for the sequel. These definitions are chosen to reflect some relevant features
of the Wasserstein length space which are germane to our study. They may
be thought of as provisional, and are certainly subject to future refinements
to suit other purposes.

Definition 3.8 (Riemannian length spaces). Let (-, -), and |- |, denote
an inner product and norm on a vector space H,. A subset M of a length
space (N, dist) is called Riemannian if each x € M is associated to a a
map exp, : Hy — N defined on some inner-product space H, which gives
a surjection from a star-shaped subset K, C H, onto M such that the
curve 5 = exp,(sp) defines an (affinely parameterized) minimizing geodesic
s € [0,1] — =z linking x = zo to y = x1 for each p € K. We moreover
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assume there exists ¢ € KCy such that v, = expy(l — s)q and that

distz(expz u,exp,, v) < distz(%y) —2(v, @)y — 2(u, P + o(4/|ul2 + |U|§),
(3.11)
for allu € Hy andv € Hy as |u|,+|v], — 0. Dependence of these structures
on the base points x and y may be suppressed when it can be inferred from
context.

Remark 3.9 (Riemannian structure inherited by geodesically convex sub-
sets). As a corollary to the preceding definition, a Riemannian length space
M contains a minimal geodesic s € [0,1] — x5 € M linking each pair of
points x and y € M. If M' C M 1is a geodesically convex subset, meaning
any such geodesic lies in M’ whenever its endpoints do, then it is easy to
check that M’ is itself a Riemannian length space with the same tangent
space and exponential map as M, but

K. :={peK,|exp,pe M'}.

Remark 3.10 (Convex sets and complete manifolds). Thus Definition 3.8
simultaneously encompasses convex sets M C N = R® in Euclidean space
and complete manifolds M = N. Clearly the surjections exp, : Ky — M
are intended to occupy the role played by Riemannian normal coordinates
on an ordinary manifold. We remark furthermore that the only connection
between the scalar product (-, -) and the metrical distance we shall need is
encoded in (3.11). In fact, (3.11) is nothing but superdifferentiability of the
distance dist, which holds on Riemannian manifolds (see [42]).

Now, we introduce the more general notions of super- and subdifferen-
tiability of functions on a Riemannian length space M that we need to set
up our model problem.

Fix x € M. A function E : M — R U {—o0} is said to be superdiffer-
entiable at x with supergradient p € T, M if

E(exp, tv) < E(z) + t(p,v), + o(t) (3.12)
holds for all v € K, t > 0 as t — 0. Such (supergradient, point) pairs

(p, ) form a subset OFE C TM of the tangent bundle; we also express their
relationship (3.12) by writing p € OF,. If the opposite inequality

E(exp, tv) > E(z) + t{q,v), + o(t)
holds, F is said to be subdifferentiable with subgradient ¢ € OF, C T, M.
When both inequalities hold and the convex hull of K, forms a dense set
around 0 € H,, then the super and subgradients of F coincide, p = ¢ =

grad E(z); in this case we can think of them as giving the gradient of E at
reM.
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Definition 3.11 (Tangent vector). A continuous curve t € [0,T] — x; €
M s right differentiable at t = 0 with tangent vector %’t:m = v if
there exists v € H with dist(xs,exp,tv) = o(t) as t — 0. Note that
we do not insist on uniqueness of such a tangent vector for the curve to be
differentiable. We none the less use the notation v € T, M and |[v|2 = (v,v).

The left derivative %h:T, 1s analogously defined.

Finally, we come to the main result of this section, linking convexity of
E to the contraction properties of its subgradient flow. Notice that F must

be subdifferentiable along the paths u; and v, but not necessarily elsewhere
in M.

Theorem 3.12 (Rate of contraction for gradient flows). Fiz a Riemannian
length space (M, dist) and a ¢-uniformly convex energy functional E :
M — R U {+4o00}. Given two continuous and right differentiable paths uy
and vy € M, if the differential inclusions —ti+ NOE,, # 0 and —0;+ NOE,, #
0 hold for allt € [0,T) then

. &1 (®(dist(ug,vp)) — t if dist(ug,vo) > 0
dist(us, ve) < { o (() ol = otherw(isg " (3.13)
where

O(x) = —. 3.14
(=) o(y) (319

Proof. Choose tangent vectors 1y € —0E,, and 99 € —0FE,, to the curves
us and vy at t = 0. The definition of right differentiability together with
the triangle inequality imply

dist(uy, v¢) = dist(exp,, tio, exp,, tvo) + o(t).

As the length space M is Riemannian, there must be vectors p, ¢ € H which
generate a minimal geodesic oy = exp,,, sp = exp,, (1 — s)q linking oo = ug
to o1 = vg. This curve is differentiable and has tangents p € o N Ky, and
—q € 01 NK,, at its endpoints. Furthermore, superdifferentiability of the
square distance (3.11) yields

dist? (exp,, tio, exp,,, to) < distQ(uo, vo) — 2t{Vo, Q) vy — 2t(0, D)uy + 0(%).

The first inequality squared combines with the second to give

d+ di tQ i t2
S| dist}(us,vr)/2 = limsup — (g, v¢) — dist” (uo, vo)
0 t—0+ ' 2t
< =00, @)we — (@0, P)uo- (3.15)

The differential inclusion —iy € 9F,,, asserts

E(0s) = E(expy, sp) = E(uo) — s(io, p) + o(s),
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since sp € Ky, so the convex function E(os) has right derivative

dE(o,) > —(to, p)- (3.16)
ds s=0*

Similarly, —v9 € 0F,, and o, = exp, (1 — s)q imply
dE(os)

1) < fina). (317)

s=1—

Using (3.16-3.17) to estimate (3.15) yields

i dist?(ug,v,)/2 = dist(u v)g dist(ug, vi)
dt o ty Ut - 0, Y0 dt 0 ty Ut
CdB(oy) |
B ds s=0-+

IN

—¢( dist(uo, Uo)) dist(uo, Uo),

by ¢-uniform convexity (3.9) of F along the geodesico of length dist(ug,vo).
Time-translation invariance shows the same estimate must hold at any other
time ¢ = ¢ that we derived at t = 0. Thus when ¢ > 0 (resp. ¢ < 0),

dr 1 dr

—| ®(dist =———— | dist < -1 .o>
dt " ( 18 (ut?vt)) (b(dist(uto,vto)) dt 18 (uhvt) = (resp 7)

(3.18)

to

holds at each instant tg € I := {t € [0,T) | ut, # ve, }-

In case ¢ > 0, the primitive equation (3.14) defines a continuously in-
creasing function ® : (0,00) — R in view of hypothesis (¢g) (3.4), but its
limit ®(0) = —oo is unbounded due to the Lipschitz continuity of ¢ near
#(0) = 0 implied by (¢2). Thus the inverse @1 : (—oo0, ®(00)) — R is
also a continuously increasing function.

If $ <0, (3.18) is reversed but ® decreases monotonically from ®(0) =
+00, and we may need to extend ®~1(s) to s < ®(o00) by setting ®~1(s) =
+00. In this case the growing bound (3.13) may only remain finite for a
short time. Using hypothesis (¢1) (3.5), we obtain that this growth is no
larger than exponential and thus, it remains finite for all times.

Either way, Gronwall’s inequality completes the proof as long as I =
[0,b) C [0,T).

The only remaining possibility is that the relatively open subset I C [0,T")
contains a non-empty connected component (a,b) C [0,7). We claim this
cannot happen. To see why, observe that if ¢ > 0 then Gronwall’s inequality
yields ¢ + ®( dist(u, v;)) non-increasing so

s+ @(dist(us,vs)) >t + (dist(ue, ve)) (3.19)
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for a < s <t < b. Letting s — a shows ®(0) > ¢t — a + ®(dist(us, ve)),
contradicting ®(0) = —oo. On the other hand, if ¢ < 0, then (3.18-3.19)
are reversed. Taking the limit s — a contradicts ®(0) = +o0, to conclude
the proof of the theorem. O

Example 3.13 (Exponential versus algebraic convergence).
a) ¢(x) = kx with k € R implies ®(x) = }logz and ®~'(y) = e so
(3.13) becomes
dist (ug, v¢) < e dist(ug, vo). (3.20)
b) ¢(x) = (k/r)a" Tt with k,r > 0 implies ®(z) = —fz~" and 7' (y) =
(—ky)~Y7" so (3.13) becomes
dist(ug, vo)
(1 + tkdist" (ug,vo)) /™"

dist(ug, v) <

(3.21)

Remark 3.14 (Rates of expansion). Theorem 3.12 covers semiconvez func-
tionals as well as convex ones. Thus (3.20) with k < 0 provides exponential
control on the growth of separation between two initial conditions under the
subgradient flow. In particular, taking ug = vo shows the time evolution
defined by the flow is unique, when it exists.

4. PROBABILITY MEASURES FORM A RIEMANNIAN LENGTH SPACE

As discussed in the introduction, we are interested in the evolution of
probability measures verifying certain partial differential equations. Our ob-
jective is to formulate this evolution as a subgradient flow on a Riemannian
length space. In this section we introduce the relevant Riemannian length
space structure on subsets of the space of all Borel probability measures on
R%, ie., P(RY).

To begin we recall the Kantorovich-Rubinstein-Wasserstein L? distance
dista(p, p') [36, 53] between two measures p, p’ € P(R?): its square is defined
as an infimum

disty(p, p') == _inf / | — y[? dv(z,y) (4.1)
YET(p.p") JRAXRA

over the set T'(p,p’) of joint measures v > 0 on R? x R? with left and
right marginals p and p’, respectively. It is not hard to see that disty
satisfies the triangle inequality and makes P(R?) a complete metric space
[29, 32]. However dista(p, p') = +00 whenever one measure has finite second
moment and the other does not, so henceforth we restrict our attention to
the connected component

Py(RY) = {pe PR [ lafdpta) < +oo}, (42)
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itself a complete metric space on which dists is finite. Let P*¢(R%) denote
the set of Borel probability measures on R? which are absolutely continuous
with respect to Lebesgue. The intersection Py(R%) N P (R?) is denoted
Pse(RY).

It is also easy to see that N := P(R%) is a length space: the infimum
(4.1) is attained, and the image ps := (7s)47y of the optimal joint measure
v under the map 75 : (z,9) € R x R? — (1 — s)z + sy € R? traces out
a minimal geodesic in Py(R?) as s € [0,1] ranges from zero to one. The
notation ()47 is defined in (4.5). Although p; is a measure on R¢ and not
on R? xR, it can — apart from a dilation depending on s — be visualized
as the projection of v onto a d-dimensional subspace

{((1 - s)x,s7) | z € R} c RY x R

What is more subtle are the following facts established in McCann’s thesis
[40], where these paths were first introduced and described from a different
point of view under the name displacement interpolation: (i) P$¢(R?) is
geodesically convex; (ii) a minimal geodesic is uniquely determined by its
endpoints if either (or both) of them lie in Pg¢(R%); (iii) in this case, the
entire geodesic lies in P¢¢(R%) except perhaps for its second endpoint. For
the present point of view, the most relevant articulation and proof of (ii) is
the one given by Carlen & Gangbo [19].

Taking N = Py(R%) as our complete length space, the subset M =
P¢(R?) of absolutely continuous probability measures will carry our Rie-
mannian length space structure. Here we recall the formal Riemannian
structure introduced on P§¢(R%) by Otto [43], who first realized the con-
nection between this structure and nonlinear diffusions as gradient flows.
Although Otto used this connection in a purely formal manner to motivate
detailed rate calculations in [43], for the theory developed hereafter it is nec-
essary to state somewhat more precisely the nature of the tangent space,
exponential mapping, and structure of M.

According to Definition 3.8 we only need to define the exponential map-
ping over the subset M. Fix p € M. Let spt (p) denote the smallest closed
subset of R? containing the full mass of p, and let Q, C R? denote the in-
terior of the convex hull of spt (p). We take M, := H'2(R?,dp) € C:1(Q,)
to consist of those locally Lipschitz functions on €, whose first derivative
lies in the weighted space L2(R?, dp; R%), modulo equivalence with respect
to the seminorm

W= [ [V0Pdp(a). (43)
The local Lipschitz condition implies V¢ € LjS (€2,) can be interpreted

equally well in either the a.e. or the distributional sense, as long as the
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domain of integration in (4.3) is restricted to 2, instead of R%. There is
some arbitrariness in this definition; for the purposes which follow we may
equally well choose to further restrict the space H''2(R%,dp), also denoted
Hllf, to consist only of those functions which can be expressed locally as
a difference of convex functions on §2,. At any p € P§¢(R?), the tangent
space T,M to M is identified with the vector space H,? equipped with
the inner product (4.3). The exponential map generates a curve s € R —
ps € N passing through py = p in direction ) € H, defined by imagining a
collection of infinitesimally small particles comprising p, which evolve freely
in time (both future and past) and having velocity profile Vi at time s = 0.
More precisely, the Borel map F'(z) := x 4+ sV () is used to push forward
the measure p on R? to yield

exp, st = [Id + sVi]yp, (4.4)
where by definition, the pushed-forward measure Fiup € P(RY) assigns mass
FyplK) = plF (K] (4.5)

to each Borel set K C R

Observe p; = exp, sy belongs to Po(R%) by finiteness of the kinetic
energy (4.3). Thus exp, : Hy® — N is well-defined, and surjective as a
consequence of the Brenier/McCann theorem [18, 39], which associates to
each p € Po(R%) and p’ € Po(R?) a convex function ¢(x) + |z|?/2 on R?
(taking values in R U {+00}) whose gradient pushes p forward to p’ [39].
This motivates the identification of the star-shaped set

1
K, = {1p EHY? | U(x) = 5|ac|2 + 1b(z) convex on RY | VU,p € P§¢(RY)

(4.6)
which allows us to verify the conditions over the exponential map necessary
for P¢(R?) to be a Riemannian length space :

Proposition 4.1 (Wassersteindistance metrizes a Riemannian lengthspace).
The absolutely continuous measures M = PI(R?) form a Riemannian
length space metrized by dista(p, p’). In particular, the squared Wasser-
stein distance is superdifferentiable on the product manifold M x M : letting
ps denote the minimal geodesic joining po = p to p1 = p' yields

dps

dp
/ S , 2
i’f Ky, ds

" ds

>P + 4t2a
0+
(4.7)

dist3 (exp,, t), exp,, ty') < dist3(p, p') — 2t(t)

or equivalently

dist3 (exp, t1), exp,, t') < dist3(p, p') + 260, ) 0 — 2t(1), ), + 412,
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for each pair of unit tangent vectors ¢ € T,M and ¢’ € T,y M, where ¢, ¢’
are such that ps = exp, s¢ = exp,, (1 — s)¢’.

Proof. Given p,p' € P3¢(RY), let 79 € T'(p,p’) denote the joint measure
which achieves the infimum (4.1) defining the Wasserstein distance. This
measure can also be expressed in the form vy = (id x (Vo +id))xp =
(V¢ +id) x id) 4p', where the functions p(z) +2?/2 and ¢'(y) + y?/2 are
convex and Legendre transforms, according to Brenier’s theorem [18]; see
also McCann [39] and Rachev & Riischendorf [45]. (The same theorem has
a converse that we also require: every ¢ € K, gives rise to a Jo achieving
the Wasserstein distance dist3(p, (V@ + id)gp) = (3, P),.)
Our prescription for constructing minimal geodesics yields

ps = lid + sVlyp = [id + (1 — 5)V¢']p'; (4.8)

indeed dist3(ps, psit) = |s — t1{p,0), = |s — t|?dist3(p, p) < +oo as
in Example 3.2, and p, € P$¢(R?) is absolutely continuous according to
Proposition 1.3 of [40]. This shows I, is star-shaped, ¢ € K,, and the
exponential (4.4) maps KC, onto M, taking rays onto minimal geodesics as
desired. Also ¢’ € K\, and (4.8) shows the geodesic ps = exp, (1 — s)¢’
can be parameterized from the other end equally well, as required in the
Riemannian length space definition 3.8. It remains only to establish (4.7),
which will imply (3.11) to complete the proof.

Given ¢ € H};Q and ¢’ € 'Hfl)}z of unit norm, the map F(z,y) = (z +
tVip(x),y + tVy'(y)) on R x R? can be used to define a pushed-forward
measure y; := Fyvyo via (4.5). Then v, € T'(exp,ty,exp, ty'), so (4.1)
implies

distg(expp t, exp,, ty') < / l" — o/ |* dy (2, y)
RIxR4

:/ |z —y+ t(Vi(z) — V' () dyo(z, y)
RIxRd

dist(p. /) 24—, V(@)= T () + 1 0(0) =0/ (0) o)

< dist3(p, p’)+2%\ , {<—V<ﬁ($), V(@) dp(x) HV e (), V' (y)dp' (y) |+482
= dist3(p, p') + 26{' ,0) r — 2t(p, 0, + 482,
yielding the proof of (4.7). O

Remark 4.2. We use exp, in place of a coordinate chart covering M =

P3e(RY). Its star-shaped domain K, of bijectivity is actually convez, a fact
which is not central to our discussion, but is proven below since the convezity
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of certain functions E(exp,v) on K, is central to the analysis of Ambrosio,
Gigli and Savare [7, 8], and can be addressed similarly. Unfortunately, even
if the inner product space H;’Q happens to be complete, we cannot define
a Hilbert manifold using these atlases because the conver set K, C H})’Q
of bijectivity for the exponential map is too short in various directions to
contain an open neighbourhood of the origin. For example, there are many
measures (including the Gaussian) for which ¥ (x) = t|z| belongs to K, if
and only if t > 0. Exponentiating from such a measure in the —|x| direction
produces a curve which is not length minimizing, even locally.

Proof of convezity of KC,. Given, ¢’ € IC, C H})*Q, observe 1y := (1—t)y+
ty' is in H) 2. Clearly Wy (x) = ¢y ()4 |2|?/2 is convex for t € [0,1] since W
and Uy are. We need only deduce the absolute continuity of (V¥,)xp from
its absolute continuity at the endpoints t = 0 and 1. Let X; ¢ R denote the
set of Lebesgue points of p where W; admits a second order Taylor expansion
in which the Hessian D?W;(z) of Aleksandrov is invertible. From Theorem
4.4 of McCann [40], this Borel set carries the full measure of p when ¢t = 0
or 1; the same follows for ¢ € [0, 1] since Xo N X; C X;. Proposition 4.2 of
[40] states that the (symmetric) Lebesgue density of the measure (V¥;)xp
at VW, (z) is finite for z € X;, being given by p(z)/det[D?¥,(x)]. On the
contrary, almost everywhere with respect to the singular part of (V¥;)4p its
symmetric Lebesgue density would be infinite. Since the Borel set VWU, (X})
has full mass for (VU;)4p, we conclude the measure has no singular part,
and must be absolutely continuous as desired. O

For technical reasons, it is convenient in certain applications to be able
to restrict our attention to compactly supported measures. The following
corollary to Remark 3.9 shows that probability measures on any convex set
Q0 c R? also form a Riemannian length space

Pe(Q) = {p € Ps°(RY) | p[R?\ Q] = 0}.

Corollary 4.3 (Geodesic convexity of measures on a convex domain). Let
Q C R? be convez, and (M, dist) = (Pg¢(R?), dista). Then P () forms
a geodesically convex subset of M, and hence a Riemannian length space.

Proof. Let p,p’ € P2¢(Q2). Carlen and Gangbo [19, Theorem 2.2] assert the
existence of a unique minimal geodesic s € [0,1] — N = Py(R?) joining
po = p to py = p/. We claim that p; € P*(Q) C M. The previous proof
(4.8) asserts that ps = [id+sVp|xp € M is absolutely continuous and given
in terms of a function ¢ € K. To see

0= ps[RT\ Q] = pl(id + sVip) ' R\ Q)] (4.9)
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observe that it holds for s = 0 and s = 1 by hypothesis. This means for
p-ae. © € R that z € Q and x + Vy(x) € Q. Convexity of Q implies
(1 —=38)z+s(z+ Ve(x)) € 2 on the same set where p has full measure, thus
extending (4.9) to all s € [0,1]. This proves P%(Q) is geodesically convex.
That M’ := P%(Q) inherits the Riemannian length space structure from
Pge(R?) now follows from Proposition 4.1 by Remark 3.9. O

Remark 4.4 (Closability and smooth densities). If |log p(z)| is bounded
throughout €, C RY, then H},’z may form a Hilbert space. For more general
densities, closability of the Dirichlet form (4.3) can be a delicate question
[5] which we prefer to avoid; this is why we do not require that the inner
product space H;Q be a Hilbert space generally.

4.1. Differentiable curves on M. Finally, we make contact with Otto’s
formalism [43] by pointing out that the charts described above correspond
to normal coordinates around the point p € P$¢(R?), in the sense that the
metric assumes the canonical form (4.3). If one chooses to parameterize
P¢(RY) by some other set of coordinates near p, a corresponding linear
transformation is induced on the components 1(z) of each tangent vector.
In particular, the linear transformation

Y € HY2(RY, dp) — div [pV] € D'(Q,) (4.10)

of the tangent space has a distinguished role, since formally at least, the
geodesic path p; defined by (4.4) satisfies the instantaneous transport equa-
tion

e + div [pVY] = 0; (4.11)

ot |,_o
for ¢ semiconvex, (4.11) is actually a consequence at a.e. point where p is
differentiable of the Monge-Ampere equation pg(x) = pi(z+tVip(x)) det[] +
tD?4)(z)] [40]. Given any non-geodesic path p; € M through py = p smooth
enough that the elliptic problem (4.11) has a solution ¥ (x) € H2(R<,dp),
Otto asserts that the solution 1 represents a tangent vector to the curve in
normal coordinates. Notice that dp/dt has zero total mass, so any boundary
conditions for the elliptic problem must ensure no net flux. Since p €
Pge(R?) is assumed fixed, the solution 1 the dep