EMBEDDING THEOREMS OF FUNCTION CLASSES, I

B. SIMONOV, S. TIKHONOV

ABSTRACT. In this paper we study embedding theorems of function
classes, which are subclasses of Ly, 1 < p < oco. To define these
classes, we use the notion of best trigonometric approximation as well
as that of a (A, 3)-derivative, which is the generalization of a fractional
derivative. Estimates of best approximations of transformed Fourier
series are obtained.

1. INTRODUCTION.
It is well-known that if f € L,, 1 <p <oo,and Y k" 'Ey(f), < o0

k=1
for r € N, then f(") € L, and

Hf(r)

< Ci(r) YK T ER(f)p-
P k=1

For p = oo this fact was proved by Bernstein in [Bel], for other p we refer
to [p.209, De-Lo] and [Ch. 5,6, Ti]. As a corollary (see [Stec]) we have the
following inequality

En(f") < Ca(r) (n’“En(f)p+ > k”Ek(f)p>. (1)

k=n-+1
On the other hand, one can write the inverse inequality (see [p. 206, De-
Lo)):
n"En(f)p < 03(T)En(f(r))p'
Thus, for a € (0,1) and € = {e, = n~"+9} § = {5, = n~} the following
function classes coincide:

Byl = {f€Ly: Ea(f),=Oll}, 2)
W Els] {f €L, f"eL, E, (f(”>p = own]}. (3)
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We shall obtain the necessary and sufficient conditions for embedding
theorems of some function classes which are more general than (2) and (3).
We shall use the concept of a (A, §)-derivative, which allows us to consider
) as well as f(r).

As an r-th derivative we shall consider the fractional derivative in the
sense of Weyl. We would like to mention earlier papers [Ha-Li|, [Kr], [Mu],
[Og] in which this concept was used to examine the question mentioned
above. Also we mention papers [Bel], [Ch-Zh], [Ha-Sh], [Mo], [Ste¢] where
the results were obtained in the necessity part.

The paper is organized in the following way. Section 2 contains some
definitions and preliminaries. In section 3, we present our main theorems.
Section 4 contains lemmas. Sections 5 and 6 include the proofs of the main
results for the cases 1 < p < 0o and p = 1, oo, respectively.

Finally, we mention the paper by Stepanets [Step] where the analogues
of inequality (1) for (A, ()-derivatives were obtained. The advantage of
our findings compared to the results of Stepanets is that our theorems are
stronger for the case of 1 < p < 0.

2. DEFINITION AND NOTATION

Let L, = L,[0,27] (1 < p < 00) be a space of 2m-periodic functions for
which |f|P is integrable, and L., = C0,27] be the space of 2m-periodic
continuous functions with || f|/cc = max {|f(z)],0 <z < 27}.

Let a function f(z) € L; have the Fourier series

o0

f(x) ~a(f) :zaoéf)—i—;(au(f)cosux—i—b sinvz) ZA (f,x)
(4)

By the transformed Fourier series of (4) we mean the series

a(fy\0): Z ,,[al,cos(yx—&—ﬂf)—&—b,,sin(yx—kgﬁ)},

where § € R and A = {\,} is a given sequence of positive numbers. The
sequence A = {\,} satisfies Ag-condition if Ay, < C\, for all n € N. For
A= {An},en We define AN, = Xy, — Ay AN, = A (AN).

Let S,(f) denote the n-th partial sum of (4), V,,(f) denote the de la
Vallée-Poussin sum and K, (x) be the Fejér kernel, i.e.

n 277, 1
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I 1 <
K,(z) = ] Z (2 + Z cosmx) .
v=0 m=1
Let E,(f), be the best approximation of a function f by trigonometric
polynomials of order no more than n, i.e.

n

flz) — Z(ak cos kx + [ sin kx)

k=0

En(f)P = ak lélkaR

P

Let @ be the class of all decreasing null-sequences. For § € R and A =
{An > 0} we define the following function class :

W = {feLp: 3g¢e L, g(x)NU(fa/\aﬂ)} ()

We call the function g(x) ~ o(f, A, 3) the (A, §)-derivative of the function
f(z) and denote it by f*OA)(z). Also, we define for ¢ € ®

WMEB[E] = {feW;ﬁ: E, (fW)) :O[En]}. (6)

P
In the case A\, =1 and § = 0 the class WTj\’BE[a] coincides with the class
Eple] (see (2)).

It is clear that if A,, = n",r > 0, 8 = r, then the class WZ;\”@E[e] coincides
with the class W} E[e] (see (3) where f (") denotes a fractional derivative in

the Weyl sense) and if A\,, = n",r > 0, 8 = r + 1, then the class WpAﬂE[e]
coincides with the class

W7 Ee] i= {f €L, fMelL, B, (f“))p - O[en]}.

Here and further, f is a conjugate function to f.
By C(s,t,---) we denote the positive constants that are dependent only
on s,t,--- and may be different in different formulas.

3. MAIN RESULTS

Theorem 1. Let 1 < p < o0, # = min(2,p), B € R, and A = {\,} be
a non-decreasing sequence of positive numbers satisfying /\o-condition. Let
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e={en},w={w,} € D. Then

Byl c W) = Z AN =20 el < oo, (7)
Ep[E} C WPA’BE[W] Z )\g+1_)\9 } +)\n5n — O [w’n] 7(8)
=n+1
1
W C Byle] = Oleal, ©)
WMEW C E)le] ‘;” = 0le,). (10)

Theorem 2. Let p = 1,00, 8 € R, and A = {\,} be a non-decreasing
sequence of positive numbers satisfying Na-condition. Let € = {ep},w =
{wn} € D.

A. If AN, < CANgy, and A%X, >0 (or <0), then

T oo
E,le] C W;"B < |cos %| Z (Ant1 —

+ o |sin 2T \ZAi”<oo (11)
E,le] C W;"BE[w} < |cos %T Z (Av+1 — M) ew + Anen
v=n-+1
+ 2T i AL = 0wl (12)
2 v=n-+1 ’ v B "

B. If for 3 = 2k, k € Z the condition A?(1/\,) > 0 holds, and for

B # 2k, k € Z conditions A* (1/A,) >0 and Y, = < )\Q are fulfilled,
vend1 v n
then
1
WM C Ele] <+~ 5 = Oleal, (13)
WMEW C E)le] ;L Olen]. (14)

One can draw many conclusions from the inequalities which we use in proofs
of Theorems 1 and 2. The simplest ones are
Corollary 1. Let 1 < p < o0, § = min(2,p), and r > 0, A > 0. If for
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f € L, the series
SR kB,
k=1

converges, then there exists fO9) e L, with A = {n" In? n} and 8 € R,
and

En(fo\ﬂ))p <

< C(r,A,p) nrlnAnEn(f)p—l—{ § kTe—llnAekEg(f)p}

k=n-+1

Corollary 2. Let p=1,00, andr >0, A>0. If for f € L, the series

oo

S E T I kEk(f),

k=1

converges, then there exist fOF) fOP) € L with A = {n" In*n} and
08 €R, and

Eo(fO), + En(fO),, <

< C(r,A) (nrlnAnEn(f)p + ioj k‘”‘llnAk;Ek(f)p> )
k=n-+1

Corollary 3. Let 1 <p<oo, andr >0, A>0. If for f € L, there exist
FOPR L FAB) e L, with A = {n" In4 n} and B € R, then

"o n Ep(f), C(r, A, p) En(fO7),.

n" lnAnEn(f)p C(T,A7p)En(f~()\’ﬁ))p.

We note that if A = {n"In*n}, then f*P) is a fractional-logarithmic
derivative of f (see, for example, [Ku]).

<
<

4. AUXILIARY RESULTS.

Lemma 1. ([ V. 1, p. 215, Zy]) Let f(x) have the Fourier series

o0

> (ay cosn,z+b, sinn, ), where ny1/n, > q > 1and Y (a2 +b2) < oo.
v=1 v=1
Then for 1 < p < oo

Ci(p.q) {Z (a + bi)} < Ifllp < Ca(p,q) {

o0

(alz, +b3)} .

v=1
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Lemma 2. ([V.2, p. 269, Ba2]) Let f(z) € Lo have the Fourier series

oo
> (ay, cosny,x + b, sinn,x), where a,, b, >0 and ny,41/n, > q> 1. Then

v=1

Ci(q) > (ay+b) < En(f)oe < Calq) Y (ay +1by).

ny>n ny>n

Lemma 3. ([Stec]) Let f(x) € Ly, p=1,00, and let Y n ' E,(f), < oo

n=1

be true. Then f(z) € L, and

En(f)P <C (En(f)p + Z k_lEk(f)p> (k € N)
k=n+1

Lemma 4. ([V. 1, p. 182, Zy]) Let €, | 0. The condition ve, — 0 is

both necessary and sufficient for > e, sinvx to be the Fourier series of a
v=1

continuous function.

Lemma 5. ([Te]) Let f(x) € L1 have a Fourier series (4). Then

by

"

E.(fn=C >

v=n-+1

Lemma 6. Let 1 < p < oo and Ey[e] ¢ WP E[w]. Then

An€n = O(wy) n — oo. (15)

Proof. We presume that (15) does not hold. Then there exists a sequence
{mpy} such that A\, em, > Chwm, and C, T co as n — oo. One can also
choose a subsequence {m,,, } such that

My 1
e > 2, Emn, 2 5E€mn, +em,,, and An, em, > Cnwm,,
e

Let us consider the case 1 < p < co. We consider the series

i (afnnk — 53%,”1 )é cos((mnk_ + 1z — ?) (16)

k=0
Since

oo
2 2 2
Z (Em"k - <€mﬂk+1) B Emno’

k=0
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by Lemma 1, the series (16) is the Fourier series of a function fo(z) € L,
and Es(fo)p < Ces, ie. fo € Ele]. Then fy € sz"ﬁE[w]. On the other
hand,

Eﬂ’Lnk( é)\,ﬁ))p > C)\mnk+1 (5,2nnk — 52 )2 =

Mnpyq

1
2
= C)\mnk+1 |:<€mnk — Em"k+l) (Em”k + 5mnk+1>j| > C/\mnk Ema,, >
> anwmnk'

Thus, fo ¢ WP Ep[w]. This contradiction implies (15).
Let p = oco. Let us consider the series

i (Em”k — Em”k_H) cos((mnk + 1)z — ?) (17)

k=0
By Lemma 2, there exists f; € L, with Fourier series (17) and E,(f1), <
Ces, ie. fi1 € Byle] € WP E[w]. On the other hand,

A,
Emnk( 1( ﬁ))p > C)\mnk-i-l <5mnk - 5mnk+1) > O)\mnkemnk > Ccnkwmnka

Le. fi ¢ WME]. O
Lemma 7. ([Si-Ti]) Let p = 1,00 and {\,} be monotonic concave (or
conver) sequence. Let

T.(z) = Z a, cosvr + b, sinvz,
v=0
T.(\x) = Z Av (a, cosve + b, sinvz) .
v=0

Then for M > N >0 one has
1T (A 2)=Tn (AN )|, < (M, N) | T (2) =T (2)]],,

where
u(M,N) =
2M(Aar — A1) FANc1— (N + D(Ani2 — Ang1), if AT, AZN,>0;
=2\ + (N + 1) (Ant2—AN+1) —AN+1, if An T, A2X,<0;
(N +1)(An+1 — Ave2) FANL1, if An L, 22N> 0.

Lemma 8. Let p=1,00. Set

2n+1

Ton gn+1(x) = E (cy cosvx + d, sin Vx).
v=2"n
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Then
O [Tn s O <l O, <Co [T nsn (O] - (28)

Proof. We rewrite Ton ont1(x) in the following way

2n+1

1
Ton gnt1(x) = Z — (ucl, cos vz + vd, sin u:c) .

v=2"n

Applying Lemma 7 and the Bernstein inequality we have

2'rL+1
1
HT27L727L+1 ()Hp < 027 Z (Vc,, cosvx + vd, sin yx)
v=2n »
1 2n+1 /
= C% Z —d, cosvx + ¢, sinvx
v=2"
P
S CHTQH’2”+1(.)H

P

The same reasoning for Tzngnﬂ (z) implies the correctness of the left-hand
side of (18). O

5. PROOF OF THEOREM 1.

We divide the proof of Theorem 1 into two parts.
5.1. Proof of sufficiency.

Step 1. Let us prove the sufficiency part in (7). First, if A, = 1, the
Riesz inequality ([V. 1, p. 253, Zy]) [|fll, < C(»)|f|l, implies

£ < Clo, B I (19)

Let the series in the right part of (7) be convergent and f € E,[e]. We
use the following representation

n+1
Mo =M 4+> (M =)
v=2

Applying the Minkowski’s inequality we get ( here and further Ay :=
2n+1

A(f,x), Dpye = >, A (f,x),n =0,1,2,---, where A,(f,x) is from
v=2m41



EMBEDDING THEOREMS OF FUNCTION CLASSES, I 9

o

NAT+ A0+ ) AgnzAi} dx

n=3

IN
Q
R
\;3
——

(SIS
=

2

0

)\6+Z )\2,/ 2 )\QV 3)‘| dx

v=3

IN
Q
s

2

2
/ /\2A2+)\2A2+Z A}
0

n=3

2

i

By the Littlewood-Paley theorem ([V. II, p. 233, Zy]) and
If = Su(Hl, < CW) En(f)yp, (20)

P
oo 2

5 20 o
Z 1@; +ZA2H Aga-a) /[ZA%]@?
0 n=s

< C(p, M)|A

g

we get

1

I <C(p,A) {)\?Eo +Z )\05 Agoi Ezé(f) } .

Since f € E,le] we have I; < co. Thus, by the Littlewood-Paley theorem,
there exists a function g € L, with Fourier series

S i (21)
n=1

and ||g|l, < C(p)I1. We rewrite series (21) in the form of > 7v,A,(f,z),

where v; ;== \;, e = 1,2 and 7, := Agn for r-lyil<v< 2"(_71: 2,3,-++).
Further, we write the series

D MAn(fix) = A hnAn(fox), (22)

n=1

where Ay := Ag := 1, A, == A\ /v = Ay /Aan for 277141 < v <2 (n =
2,3,--+). The sequence {A,} satisfies the conditions of the Marcinkiewicz
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multiplier theorem ([V.II, p. 232, Zy]), i.e. the series (22) is the Fourier
series of a function f9) € L, || fN9], < C(p, V)9l
Using the properties of {\,} and (19), we write

0o 2° -1 0
1FOD, < O(p,A){A?Eg(f)ﬁZEgs(f)p > (AZHA%}
s=1 n=2s-1
< c<p,A>{A§Eg<f>p+z<Azﬂ—A2>E2<f>p} R
n=1

Thus, the sufficiency in (7) has been proved.
Step 2. Let the relation in the right-hand side of (8) hold, and f € E,[e].
Let us prove f € WP E[w]. We have

Eu(f&)y < IF = Su(FOD)lp = 1 (f = 8) .
Applying (23) for the function (f — S,,) we get

En<f<m>)psc<p,A>{A9Eo (f = Sn) +Z N = M) ED (f - 5)}
SC(p,A){AfEZ(f)erEZ(f)p A AL (e (f)p}
m=1 m=n+1
s0<p,A>{AZEZ<f>p+ > (AﬁnHA%)Efn(f)p} < C(p, \wn
m=n+1

This proves the sufficiency in (8).
Step 3. Now we shall prove that conditions ﬁ = Olen] and 5= = O [ey]
are sufficient for W# C Ep[e] and WP E[w] C E,[e], respectively.

Let f € W;"ﬁ . From the properties of the sequence {\,}, using the

Littlewood-Paley and the Marcinkiewicz multiplier theorem, we get

1= a0l < ELA 00 5, g0,

C(p, A\
MEn(f(’\ﬁ))p.

If 5- = Olen), then E,(f), < & = Oley), and if §2 = Oley), then
En(f)p < LEL(fO), < C% =Olen], ie. f € Eple].

The proof of the sufficiency part in (9) and (10) is complete.
5.2. Proof of necessity.

En(f)p

IN

IN
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Step 4. Let us prove the necessity part in (7). Let E,[e] € W)? but
the series in (7) be divergent.

Let 2 < p < co. We consider the series

oo

> (v - 5§u+1,1)% cos 2"z. (24)
v=0

Since Z (63,1 —€2,.1_,) = €&, by Lemma 1, the series (24) is the Fourier
series of a function fo(x) € Ly.

Let 2V —1<n < 2vt — 1 Then E,(f2)p < ||f2 — Sn(f2)|lp < Cen, Le.
f2 € Ey[e] € WP, On the other hand,

||f2()\75)Hp 2 C {Z (6%11_1 - 5§u+1_1) )\gy}
v=0
0o v %
Z {Z 821/ 1 €2y+1 1) [Z (A2w+1 )\%n) +>\% }
v=0 n=0 A
2
= { 150 + Z A2n+1 >\2n EQn 1}
1
oo 27Tl 1 2

_ 2 2
= 150+Z Z (A1 = A) €3n s

n=0 vr=2m

> c{ 150+Z (A2 —A2)e }
v=1

This contradiction implies the convergence of series in (7).
Let now 1 < p < 2. We shall consider the series

N|=

o

00 1 2V+1
1 , »
(eh —el)P cosa + Z 2v(=1) (512’”171 - 5‘2’,,+271) Z cospx. (25)
v=0 p=2v+1
By Jensen inequality and
2v P
Ci(p2®= D < || > cospa| < Cy(p)2Y, (26)
p=2v-141

p
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we have
27 00 gr+1 2) 2
§ : p D 21/(&71 Z d
82u+171 - 82u+271 COS ux X
0 v=0 p=2v+1
2V P
1— p P
/ g ov(1-p) ( Ehut1_q 52”271) g cosux| | dx < C(p)el.
0 pn=2v-141

By the Littlewood-Paley theorem, there exists a function f3 € L, with
Fourier series (25). Let n = 2”. Then

1fs = Sn(f3)llp =

I L amtl
_ 2m(l—1) P P P
- P E2m+1_1 - 62m+2_1 COsS /,Ll'

m=v —om 41

" p
27 gm+1 p P
m(l— D .

< / E 2m(1-p) ( Eomi1_q — 62,,1“71) g cospx| | dz

0 = pn=2m+1
< C(p)egsioy < C(p)ear.

1
Let n = 0. Then Ey(f3), < C(p) (eh — &y +&l)» = C(p)eo.
Let 2 < n < 2"*1. Then
I f3 = Sn(f3)llp =
1 21/+1
= 2 (771) (€2u+1 1 2u+2 1) ! Z COS px
p=n-+1
0o 1 2'm.+1
(1 »
+ Z gm(5—1) (5’2’,,”“_1 - g’2’m+2_1) Z cosux|| < C(plen
m=p—+1 u=2m+1

P

Therefore, one has f3 € Eple]. By our assumption, this implies f3(z) €
W8,
P
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On the other hand, Paley’s theorem on Fourier coefficients [V.2, p. 121,
Zy] implies

],
p
2u+1
> Op) 4 (h—eb AMZ(@M . T D I T
= pn=2v+1
> C(\p)< (eh - /\p+ D,
= p £1) by 52u+1 1
v=0

v

C(\ p) {sﬁ’/\’f Y (A =) ag} = .
v=1

This contradicts fs(x) € W)#. The series in (7) converges.
Step 5.  Now we shall prove the necessity in (8). Let 2 < p < oo and
¥ <n<2¥tl 1y =0,1,2,--- . We consider

1
2

Nl

cos(n+ 1)z + Z (63,1 —E3u1_q) ? cOs2”x. (27)

v=0

(5721 - E§y+l_1)

Repeating the argument we used for series (24) we can see that the series
(27) is the Fourier series of a function f4, € L, and fs, € E,[e]. Therefore,

fan € W]j"ﬂE[w}.
Let us show that the positive constant C; in the inequality E,, ( 48;1’6 ))p <
Ciwm (m=0,1,2,---) is independent of m and n. Indeed, for the function

fan(@) = fo(z) + (2 — €501 _ 1) cos(n+1)x

one has
A, A, A, A, A,
(107 < |17 =5aG2)| < | B =50 +

1 A,B) 1 (A.8)
H 2—eh1) écos(n + 1z } =S, ([( —E5u41_1) 2 cos(n + l)x] )

Since fo € Eple] € WMPEW], En(fSM), = O(wm).

Then for m > n+1: E,( iﬁ;ﬁ))p = Em(fg(/\”@))p < C(f2,p, A, B)ws, and
for 0 <m < n: Epl g;;ﬁ))p < C(f2,0, A, B)wm + C(p, \)Anep. By Lemma
6, we have

En(f5), < Cfayp A, B)wm + C(0, NAmem < Cf2,0, A, )wm

Thus, E,,(f, (% B)) < Ciwy, where C7 does not depend on n and m.

p
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On the other hand,

Cw, >
A,

> CpN) [(22 = o) X2 43 (s — dny) Mo

N

L m=v+1
- -1
[e’e] 2
> Cp,A) (€2 =3 1) A+ A 180 g+ (W =A%) &2
L m=2v+1 |
_ - 1
ovtl_q o 3
>Cp,A) |+ Do (n )+ A | e D (M) el
m=n+1 m=2v+1 ]

- 5
> Cp) 20243 (AanA;)gzn] |

m=n+1

Thus, the relation in the right-hand side of (8) holds.
Let 1 < p < 2. For n = 0 we consider the series (25). For 2™ < n <
27+l m =0,1,2,--- we define

v=0 v=m-+1 pu=22v+1
1
D p P
+ <€n - 52m+2_1> cos(n+ 1)z. (28)
Since
§ m—1 1 2vTt P
P _ P\p v(5-1) (p p b
(e — €))7 cosz + E 2"'p Egut1_1 — Equtz_q COS YT
=0 —=2v41
v o »
oo L vl p
1
P v(z—1 p P P
+ (551 — 52m+271> + E or(z—1) (52u+171 — 52U+271> g COS [T
v=m+1 pn=2v+1

< C(p) (58 S T > T o A A )
< C(p)eg,

there exists a function f5 ,,(x) € L, with Fourier series (28). One can verify
that
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Eo(fsn)p < Ceo, Ex(fsn)p < C(p)ex. Therefore, f5, € Eyle] C
Wg"ﬁE[w].

Let us show that the positive constant Cy in the inequality E,, ( 5(26 ))p <
Cowy (m=0,1,2,---) is independent of m and n. We note
2m,+1 1
m(L— P
fsn(x) = f3(x) — Z 2mG =) (Eé’mﬂ_l - 6’2’,”2_1) CoS
p=2m41
1
+ (5{’1 — 5§,n+271) " cos(n + 1)z.
If n = 0,1, then En(f3"), = Be(f), < Clfap A Blop. I n =
2,3,---,and 2™ <n < 2™F! then for k=0,1,--- ,n
PWE] A, B B B
BUEP), < [0 - 5| < | - s,
- 1 *8)
+ Z om(z—1) (agmﬂil —EngrLl)p COS 4T
p=2m41
P
1 (A.8)
+ <(s§’l - sgm+2_1) " cos(n + 1)1:)
P

By Lemma 6, using f3 € WP E[w], we have Ej( (Aﬁ))p < C(fs,p, A, B)wi

5,n

for k=0,1,2,--- ,n. For k > n we write Ej( é?};ﬁ))pgHf3()"m—5k(f§/\’ﬁ))H
P

S C(f?npa )‘7 ﬂ)wk
Thus, Ek(fé:\r;ﬁ))p < Cowy, for any k and Cy is independent of m and n.
On the other hand,
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CQWn >
/\ ,\ A,
2 1 Ao\ 2
/ 5§m+2_1> " cos(n + 1)4 >
0
Qv+l ()\’5)2 2 v
S(Ll_
2u+1 1 €§V+271) 2v(=1) Z cos T > dx
v= erl p=2v+1
1
> C(p) (Eﬁ - €§m+z,1) Y / lcos(n + 1)z|” dz
0
1,
o . g1 a2\ 2"
AN (|t ) e S|
0 v=m+1 u=2v+1

.
> C(p) {(sﬁi - eé’mu,l) gy (E§V+2,1 - egmﬂ) )\gv}

v=m
1
o P
> C(p) {(5171 - 5§m+1—1) Aq Z (55"71 - 512),/+1_1) ASV}
v=m-+1
1
P
> C(p {Ep)\p Z AL — gp} .
v=n-+1

This implies the necessity in (8) for 1 < p < 2. The proof of the necessity
part in (8) is complete.
Step 6. Now we shall prove that W% C E,[e] implies /\i = O [en].

First, we note that the last condition is equivalent to the following one:
Vv = {7y} € ® one has 3> = O[e,]. We shall obtain only nontrivial part
which is : 3= = O [e,,] implies % = O [en).

Let us assume /\% = O [en] does not hold Then there exists a sequence

{Cx 1 oo} such that > C. Usmg = O [e,] we have ,YL > C.
ng

Choosing 7y, = ﬁ — O we write C' > \/ r — 00. This contradiction
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gives

Ain:om = Yy={ulee =0kl ()

X
Then there exist v = {v,} € ® and {C,, 1 oo} such that 3= > Cpep,,.

Further, we choose a subsequence {m,, } such that mmli::l > 2 and vy, <

Let us assume 3* = O [e,)] does not hold for all v € @, but WP C Eple].

2% Consider the series

’Ymn &

cos(Mmy,, + 1)z. (30)

Mg

k=0 m"k

Since Z LTS Z 5t < 00, there exists a function fs € L, with

WLnk - m"O k=0

Fourier series (30). Because Z Vi, < Z 55 < 00, we have f(’\ B e L,
k=0 k=0

ie. fg € Wp)"ﬁ. By (20) and by Lemma 1,

00 .2 3
Em,, (fe)p = C(p) Hfa - Sm,lk(fe)Hp > C(p) (Z z’;n> > C(p)@

s=k =~ ns

> C(p)Cryem,, s

i.e. fo ¢ Eple]. This contradiction implies that the condition ﬁ = O [en]
is necessary for W)*? C E,[e]. The proof of the necessity part in (9) is
complete.

Step 7.  Let us prove that Wp)‘”@E[w] C Eple] implies §* = Ole,]. If
the last condition does not hold, then there exists {C, 1 oo} such that

;’% > Cpém, . We choose a subsequence {m,, } such that "’““ > 2 and

2 2 2
—w w
1 : Mg MnE41 mn,
Win,, 2 5Wm,, + Wm,, - Since Z 5 H < g by Lemma 1,
k=0 mng mng
the series
1
2 2
o0 —w
( m"A m"lc+1)
E cos(my, + 1)z (31)
k=0 A,
. . . . A
is the Fourier series of a function fr € L,. We have also f( -A) € Ly,

E (M), < Cw,.
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On the other hand,

En,,, (f2)p = CO) | 2 = S, (1)

s w’r2n - w72n
o (5

Nl= =3

s=k Mng
1
oo 3
(Wmnq - Wm, )(Wmns +wm, )
= C(p) <§ - +)1\2 =
s=k Mg

Wm,
> C(p)ik Z C(p)cnksmnka

My,

Le. fr ¢ Eple]l. Therefore, $= = O[en]. The proof of the necessity part in
(10) is complete. O

6. PROOF OF THEOREM 2.

We divide the proof of Theorem 2 into two parts.
6.1. Proof of sufficiency.

Step 1. Let us show that if the series in (11) converges and f € E,[e],
then f € sz‘ﬁ .

We consider the series

cos ?vlu, f) —sin ?’VT(A, f) (32)

#3foos T 0 (0N Vs o) sy (V0 DT )

where Vi (A, f) == MA1(f,x),

Vn()‘a f):: O—(Aa Vn(f)) =

n 2n—1
=3 AnAn(f,2)+ D Am (1_

m=1 m=n+1

) An(f) (02 2),
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Let M > N > 0. From the inequality |f—V.(f)ll, < CE.(f)p
and Lemma 7, using the properties of {\,}, we get

M
A= n_ZN[COSﬂf Vans1 (A, f)=Van (A, f))—sin? (V2”+1()‘v F)=Van (A, f)>] I

M 3
< Z {| cos 7| [Van+1(f)—=Van ()],
n=N

2nt243
D A2 A2l (m 4 1) +H2™21) [ Adgnsa |

m=2n—1-1
e —
+sin ™) [V () — Vo)

2nt243
ST 182Amsal(m+ 1)+ (277 = 1| AAgnee |

m=2n-1_-1

p

M
T
+| cos 7ﬂ| zj:v Agn+1_1 (Vont1 — Van) (f)
n= P
3, || & —
Hsin 7l 3 Ao (Varsr = V2 ) ()
n= P

< O{AQNI <| COS%EQN,I(f)p +|sin ”25|E2N1(f)p>

30 O =) (leos 1B, + lsin 1B, ) }

n=2N-1

Further, we apply Lemma 3. Then the convergence of series in (11) and
f € E,[e] imply that there exists ¢ € L, such that the series (32) converges
to ¢ in L.

Let us show that o(p) = o(fM). If F, is the n-th partial sum of (32),
then, say for cosine coefficients, a,(¢) = an(p — Fnin) + an(Enin) =
an(p = Fntn) + an(fO?), and

1
an(p— FNin) = ;/((p—FNJrn)(m)cosmsdx

—Tr

IN

C(p)lle — FN+an — 0 (N — o).
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The proof of the sufficiency part in (11) is complete.
Step 2. Let us prove the sufficiency part in (12).

Let sin % = 0. If n = 0, 1, then the proof comes from (11). If 2m~141 <
n < 2™ m € N, we consider the best approximant T%(z) = T,:(f,z), i.e.

En(f)p = 150 =T (f5 ) lp-

En(fo\’ﬁ))p

IN

[ O =D 4 Vs (FOD) = Vo (/)

p

o wa) — Vmea (fOO)

IN

|7 = Vamea (70

p

By Lemma 7, we obtain
70— Vaa( fu,m)Hp < COOM T = Vamez ()], < COVAEn(f)y-

Further, applying two times the Abel’s transformation and Lemma 7 we
write for M > N

M
A =30 (Vo (PO = Vi (5)
n=N P
M
< D Vanar (F) = Van ()], -
n=N
ont2_3
3 1A% msel(m 4 1) + (272 — 1) Agnsa_y — Agnsa|
m=2"+1
M
+ [ D2 Aanry (Vansr = Van) ()
n=N p
<

C()\){)\QN+1 FEown (f)p + Z Fon (f)p ()\2n+2_1 - )\2n+1_1)}.
n=N

Then

|79 = Vamia (70| < (33)

p

< C(A){AnEn(f)p-l- Z ()\u+1—>\u)Eu(f)p}°

v=n-+1
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Let sin % # 0. Then the convergence of series in (11) implies that there
exist f € Ly, fX0) ¢ L, and fA0) ¢ L,. Then

En(fo\’ﬁ))p

IN

£, (cos ?fp"o) — sin ﬂff()"o)>

p

IN

| cos ?|En (f()"o))p + | sin ¥|En (f()"o)> .

p

Applying (33), we get

En(f()\’o))p < C(/\){/\nEn(f)p + Z (Avg1— ) Eu(f);v}'

v=n-+1

By Lemma 3, (33) implies

E, (fmo))p < C()\){)\nEn(f)p—ky;l ()\VH—)\,,)EU(f)p}
< C(A){AnEn(f)p+ > AV”Ey(f)p}
v=n+1

Therefore, for all 8 € R we have

En(f()\’ﬁ))p S C(Aaﬂ){/\nEn(f)p + |COS ?| Z (Au+1 - )‘l/) Eu(f)p

v=n-+1

B = A
+sin | ZVE,,(f)p}.

v=n-+1

If f € Eple], from (12) we obtain E,(f*?), = O(wy), ie. f € WM E[W].
The proof of the sufficiency part in (12) is complete.

Step 3. Let us show that if )% = O(en) and f € WP, then f € Ep[e]. Also
we shall verify that if = = O(e,) and f € WP E[w], then f € Ey[e]. Set

r._-J1r 1 1 .
PR YR PRI VS :
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Let sin”Z—ﬁ = 0. Applying two times the Abel’s transformation and

Lemma 7 we have for M > N
M
D Vo () = Van ()]

n=N

A=

p
M

2 RV?"“(J"(A’B)))(LO) - (%n(f(x,m))(i,o)}

n=N

p

M
< 3 [ (PO = Vo (109

n=N P
on+2_g

X Z ‘AQA;L{i-Q'(m + 1) + (2n+2 - 1)|A2_n1+272 - /\2_n1+271‘
m=2"+1

+

M
S0 Ak [Varena (FO9) = Vo (fO9)
n=N

<) H fu,mH (34
)\QN D

P

Then, from (34), one has

B2 SO 500 . (3)

Let T7(x) be the best approximant for fOA) ie.  E,(fOA), =
1FOO () = T ()|l Using (35) for f — T3~ we get

By = BalrO -1, < S oy g
n p
C(A
- /\(n) En (f(/\’ﬁ))p' (36)

Let sin 22 # 0. Then

+ Sln? ((IN/ZHl(f(A,B)))(i 0 (Vzn(f(’\’ﬁ)))(i ))}
P
< B S (\,8) (%, (\8) (x:0)
< |cos 4 ZJ:V |:<‘/2n+1(f ’ )) - (‘@"(f )) }
" P
+ sm? f: [({/Znﬂ(f(A,ﬂ)))(i,O) (Vgn(f(’\ ﬁ)))(k,o)]
n=N
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To estimate the first item we apply (34) and to estimate the second one we
o0

use Lemmas 7, 8, as well as the condition Vi < /\Q We get
v=n-+1 v "

S o0,

.Y p
p

M
D Voo (D) = Vo ()
n=N

Repeating the argument we used in proving (36) we arrive at the inequality

C(\ B)

A En(f(kﬁ))p-

En(f)p <

From this it is clear that )%n = O(en) and §= = O(en) are necessary condi-
tions for W% C Ep[e] and WP E(w) C E,[e], respectively. The proves of
sufficiency parts in (13) and (14) are complete.
6.2. Proof of necessity.

Step 4. Let us show that if Ep[e] C W, then the series in (11) con-
verges. We suppose the inverse, i.e. that the series in (11) diverges.
Step 4(a): p = co. We start with the case sin % = 0.Then we define the
series

NE

(ev—1 — 1) (cos vz + sin yz),

v=1

which converges to the function fs € L,. It can be easily found: E,(fs), <
en, i.e. fs € Eple] € WP, On the other hand,

e

Y%

p

Z )\V (51/71 - 51/)
v=1

= M(eo—e1)+ Z (ev_1 —€w) Z (A — Am—1) + M1

v=2 m=2

I
NE

(A — Am—1) €Em—1 + A€o

m=2

I
NE

()\n—i-l — >\n) En + AlEO = Q.

3
Il
_

This contradiction implies the convergence the series in (11).
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Let sin 7> 75 0. Since

Z (A1 —An)en < Cz AgvEgy
= Vﬁ(io 2v 1 A\ >\
< C (Zé‘zu Z £+/\151> < OZ%&SW,
v=1 m=2v—1 n=1
we have

|cos—\z 1 — |sm—|2)\ ZA,%". (37)
n=1

Lemma 4, the sum of this

n=1

series, say, fo(x) is from LOO. From [Bal], En(fg)p < Cep, ie. fg € Epyle] C
Wg"ﬁ . We also have

0 ) SES e S0
H‘fg p nz::l n "= nz::ln

Thus, the series in (11) converges.
Step 4(b): p = 1. First let sin % = 0. We define the series

> v — ) la), (33)
v=1

v+1 J . v+2

— 1< g < k=
where 7,41 (2 E o sinjo and af {V+2’ , VJ:QJ -2 )
=1 1—m, TS]SV—FI

The series (38) converges to a fig € L, and E,(fi0)p < Cep (see [Ge]).
Then fig € Eple] € WP, One can rewrite (38) in the following way :

o0
E b, sinvx, where

2v—-2

14 e 14
bu = 1-—- Ey_1—Ey)+ —— (&v—-1—¢&v)-
;( JH)( 1 )51]“( L —e)

By Lemma 5, we get

), 2 e 5n 2 (S -ne 2 .

v=

This contradicts the divergence of the series in (11). Thus, the series in (11)
converges.
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Let sin &- 7é 0. As we saw in (37), the divergence of the series in (11) in

this case is equlvalent to the divergence of E Sng.
n=1
We consider the series

Z (ev—1— &) Ky (). (39)

This series is convergent in L (see [Ge]) to a function f11(x), and En(f11)p =
O (gy). Therefore, fig € E,le] C W,f"ﬂ-
One can rewrite (39) in the following way :

o0
Ej 1 —
E a, cos vz, where Ay =€y 171/5
— — j+1

We note that {a,} is monotonic null sequence. Indeed,

oo
Ei_1 — &5
ay =y =Y % > 0. (40)
Jj=v

By Lemma 5, using monotonicity of {a,} and conditions on {\,}, we have

Hfl(i\ﬂ)Hl > CZ %au > CZ)\QU+1(L2V
= v=1
= C’Zagu Z Agnat = Agn) + Ay
n=1
> C <>\1a1 + Z Agn+1 — )\2”)(12“)
ontl_q
> C | har+ Zazﬂ > =)
v=2"m
Z C ()\1(11 + Z n+1 — > . (41)
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On the other hand, by (40), we have

7],
00 A, 00 -
- 027%:0 Vzliey I_ZA Z; Jy+1
> C (Z %6,,,1 - Z(au — a,,H))\,,H)
v=1 v=1
= C (Z %51/71 - Z(CLV — au+1) [Z(An+1 — /\n) + A\ )
v=1 v=1 n=1

00 A, o0
C (Z 751,,1 — [ Aa1 + Z()\n+1 — )\n)an]> .
v=1 n=1

Combining this inequality and (41), we get

Hfl(i\hﬁ)Hl > Cgl)wy_lgufl = 00,

and so, the series in (11) converges. The proof of the necessity part in (11)
is complete.
Step 5. Let us show the correctness of the necessity part in (12).
Step 5(a): p = co. We consider the series
T

€n cos((n + 1)z — 7) +

775 Ev—1
14

+ Z: (cos % (e,—1 —&y) cosvx + sin > sin z/x). (42)

There exists a function fia,, € L, with the Fourier series (42). One can see

En(fizn)p < €m, Lo fion € Byle] € WM E[w]. Therefore, fi37) € L,
Note that the series

oo
3 . mBeu_1 .
E cos — (ey—1 —&,) cosvx + sin — —— sin vz
. 2 2 v
=

is the Fourier series of a function fi3 € Ly, and fi3 € Eple] € W) Ew], ie
Em(f13)p = O(wm)-
Let us show that the positive constant C in the inequality E,, ( 1(5\5 ))p <
Ciwm (m=0,1,2,---) does not depend on m and n. We have '
w3
fizn(x) = fi13(z) +ep cos((n + 1)z — —)
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Let m > n. It is easy to see that
1(2’\5)(:5) = fl(g’)\ﬁ)(;v) + Apen cos(n + 1)z.

Then, E,,( 1(5\7’5))1, < Em(fl(g"ﬁ))p < Ci(f13, A\, B)wm. We write for 0 < m <
n:

A,
En(f),

IN

E’m( 1(?);\’6))17 + Em (Angn COS(’H, + 1).1')
Cl(fl-?n )\7 B)wm + CQ)\’nsn'

P

IN

Hence, by Lemma 6, F,,( 1(;’5)),, < Cw,, where C does not depend on n

and m.
Then
Cwy,
A,
> En(f20) )
T s o T > A
Anén + cos> g Z (61 — ) A + sin® ?ﬂ Z Vs,,_ll

v=n+1 v=n-+1

> C

2n
T
> C |Aen + cos? ;An (Z (€v —€vg1) + €2n+1> +
vr=n
+ cos? ? Z Mo(ep_1—en) +
v=2n+1
2n e’}
.o mf €y o Tl Eu_
+s1n2?)\nzj+sm27 Z Ay Vl]
v=n v=2n+1
8, T8, Ev
> C | Men + |cos7\ U:z:nﬂ (Avt1— M) ey + |sin 7| V:zn;rl )\VV] )

Thus, the relation in the right-hand side of (12) holds.
Step 5(b): p = 1. In this case we define the series

€n sin((n + 1)z — ?)—k (43)

+ i(— sin % (ev—1— &) K, () + cos % (Ev—1—¢y) Tl,(x)).

Then there exists a function fi4,, € L, such that (43) is the Fourier series of
fian (see [Ge]). Also, En,(fian)p = Olem), i.e. fian € Eple] C sz"ﬁE[w].
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Note that the series

Z (— sin ? (ev_1 —&,) K, (x) + cos Z—ﬂ (v_1—€)) Ty(a:))
v=1

is the Fourier series of a function fi5 € L, and fi5 € E,[e] C Wg‘*ﬁE[u}], ie.

Epn(fi5)p = O(wm).

We shall prove that the positive constant Cs in the inequality
En( fi’f))p < Cowy, (M = 0,1,2,---) does not depend on m and n. We
note

1(2‘)’5) () = 1(;"[3) () + Anen sin(n + 1)z,
Let m > n. Then E,,( 1(2_”5))1, = En( 1(5/)\,5))11 < C(f15, A, B)wm. For 0 <
m < n we write

Epn( 1(4/1\,’5))19 < En( 1(52\76))19 +Em (/\nfn sin(n + 1)517)

S C(flf)a)\yﬁ)wm + C)\nEn

Therefore, we have E,,( 1(:1\5 ))p < Cyw,, from Lemma 6.

We rewrite the series (43) in the following way :

P

3 - w3 w3
En sin((n + 1 — 7) + VZ::I (— sin ?ay Cos VT + cos 7()” sin Vx),
where
_ NGl
ay — Ev—1 V;/ _7 + 1 9
2v—2 o
b, = Z 1-—— (€jo1—¢j) + Z L(au_l—sy).
- j+1) L G+
Jj=v Jj=2r—1
We have
(A\8) : - .78 7B
i (@) ~ Apepsin(n+ 1)z + Z Ay | —sin — cos —a,, cos v
' = 2 2
+ sin? ?au sin v + cos? %by sin vx + sin ? cos ?by cos V.’L‘).

We note that if f(xz) ~ c“éf) + > (ev(f)cosva +d,(f)sinve), then
v=1
E,.(f)p > Cdps1(f). Then
A,
AU (44)

> C <)\n5n + Sinz ?)\n—&-lanﬁ-l + COS2 ﬂf)\n—&-lbn—i—l) > C>\n€n~
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Also  En( 1(27’5))1, > (C'sin? %ﬁ)\nﬂanﬂ and, by Lemma 5, we write for
2m—l < p < om

(\V
Q
2]
5[\3
ES
NE
&
|&

A,
Eu(f3)

Vv
Q
FB
=}
[\v]
:1
ﬁ:
/\
>/
+
>~
()
Ead
t
Q
()
Eal
~_—

v=n+1
0 —
Z CSI 27]}2’;’ )\2u+1 A2u Za,Qk
Z CSln2 L Z ()\21+1 )\zu)azu
v=m
R
> (sin Z Aot1 — N)ay
]/:2’!71.
Hence,
En( 1(2,’5))17 > Csin® f( n+10n+1 + Z Avp1 — ).(45)
v=n-+1

On the other hand,
A,
E(f2)) =

C'sin? 76 i )\l,a—y

>
v=n-+1 v
0 [ = A\ =
> Csin2 ™ Ao _
> sin” < ( Z ey Z (ay, au-‘,—l))\u-‘,—l)
v=n+1 v=n+1
T
> ('sin? Qﬁ ( Z*EV 1 — Ci| Ant1ant1 +Z Avt1 —/\V)GV]> )
t/:n+1 v=n+1

Applying (45), we get

(1(;\5)) > (C'sin® 5 Z )\ (46)

v=n-+1
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Hence, using (44), (46), and Lemma 5, we have

A,
En(fitn )y =
o0

> C|A = = =
> ( nEn + cos? Z /\ Z 1/)

v=n-+1 v=n-+
> C| A\e +COS—ZE A\,) + sin? ﬁiﬁa
el nen = v 1/+1 2 e ]y v .

This proves the necessity part in (12).

Step 6. Let us show that W C Ep[e] implies i =0 [en].
As we noticed above (see (29)) it is enough to show that W% C Ejle]
implies 5* = O [e,] for all v = {y,} € ®.

We suppose that the last condition does not hold. Then there exist
v = {1} € ® and {C,, T oo} such that L > Cpém,, . We can choose
a subsequence {my,} such that mni’“;:l > 2 and Y, < 27F. Further,
we consider the series (30), which is the Fourier series of fs € L, and
fé/\’ﬂ) € Ly. On the other hand,

Y,

Emnk (f6)p Z CA

2 CC’I’Lk €m"k i

Moy,

ie. fs ¢ Eple]. This contradicts W]f‘*ﬁ C Eple]. The proof of the necessity
part in (13) is complete.

Step 7. We shall prove that W} E[w] C E,[e] implies = = O [e,,].
If the last condition does not hold then there exists {C, T oo} such that
Imn. > Cpem, - We choose a subsequence {my,, } such that m’c:l > 2 and

X,
Wi, = §wm”k + Wy The series

oo
Wiy, = Win,y

cos(mp, + 1)z

=0 A

is the Fourier series of a function f16 € Ly, and fl(é"ﬁ) € WP E[w]. On the
other hand,

W, —

wmn Wm
k+1 N
> > OCem,

/\mnk Mg

Emnk (f16)p > C

ie. fig ¢ Eple]. This contradicts our conjecture WIf"ﬁE[w] C E,le]. The
proof of the necessity part in (14) is complete. O
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