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O.PENACCHIO

ABsTrACT. We describe an equivalence of categories between the ca-
tegory of mixed Hodge structures and a category of vector bundles
on the toric complex projective plane which verify some semistability
condition. We then apply this correspondence to define an invari-
ant which generalises the notion of R-split mixed Hodge structure
and compute extensions in the category of mixed Hodge structures
in terms of extensions of the corresponding vector bundles. We also
give a relative version of this correspondence and apply it to define
stratifications of the bases of the variations of mixed Hodge structure.

INTRODUCTION

The purpose of this note is to give a geometric equivalent of the notion of
mixed Hodge structure. To this end, following Simpson, we adopt the Rees’
philosophy of associating a graded ring to a ring filtered by a chain of ideals.
A mixed Hodge structure is roughly speaking the data of a vector space
endowed with three ordered filtrations which are in a certain position called
opposed. We define a functor, named the Rees functor, which converts each
pair of filtrations into a graded module, and, next, we look at the associated
coherent sheaf on the affine plane. It turns out that these sheaves are locally
free and equivariant for the standard action by translation of C* x C*. We
can glue these local descriptions to form an equivariant locally free sheaf on
the projective plane P%,. Starting with such a sheaf associated to a 3-filtered
vector space, the action of the torus allows us to recover the filtrations on
the same vector space. We thus get an equivalence of categories between
filtered vector spaces and equivariant vector bundles. As in the classic Rees’
construction, one deforms a filtered object into its corresponding graded
object. Indeed, the fibre over the points of the dense open orbit of the torus
action of a bundle associated to three filtration is the underlying vector
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space, whereas the fibres over the origins of the affine charts are naturally
isomorphic to the bigraded objects associated to each pair of filtrations.

The idea of associating a vector bundle on the complex projective plane
P to the three filtrations which form a mixed Hodge structure has a a dou-
ble origin: Simpson’s construction [21],[22] of mixed twistor structures on
the complex projective line P associated to mixed Hodge structures, which
involves the Hodge filtration and its conjugate, and Sabbah’s construction
[19] of Frobenius manifolds starting from families of vector bundles over P&
in which such families are constructed using the weight and the Hodge fil-
trations of a variation of mixed Hodge structure. There are two motivations
for handling the three filtration simultaneously. On the one hand, the rel-
ative position of the Hodge filtration and its conjugate plays an important
role in the study of degenerations of mixed Hodge structure. On the other
hand, the weight filtration contains all the extension data of a mixed Hodge
structure.

Although they were firstly stated without reference to toric geometry in
[16], the formalism derived by Perling in [17] after Klyachko [12],[13] for
describing equivariant sheaves over toric varieties in terms of filtered vec-
tor spaces seems to be appropriate for describing the equivalences between
categories of vector bundles and the categories involved in Hodge theory we
are interested in.

The paper is organised in four parts. In section 1 we first define the
Rees functor and its inverse for 2-filtered vector spaces and next introduce
Perling’s formalism [17], which, given a fan A, allows us to describe the cat-
egory of A(1)-families of complete filtrations in terms of equivariant locally
free sheaves on the corresponding toric variety Xa. It turns out that the
locally free sheaves on P? which are associated to 3-filtered k-vector space
whose ordered filtrations are opposed verify a semistability condition. They
are P}-semistable, namely their restrictions to the divisor corresponding to
the first of the three filtrations are of degree 0 and p-semistable, or, equiv-
alently, a direct sum of line bundles of the same slope 0. Notice that this
notion of semistability is stronger than the p-semistability. The principal
consequence of this geometric characterisation is the fact that the category
of vector spaces endowed with three opposed filtrations is abelian. Indeed,
when one defines the cokernel of a morphism in the category of vector bun-
dles of degree 0 verifying this semistability condition to be the reflexivization
of the cokernel in the category of coherent sheaves, which corresponds to
the cokernel in the category of 3-filtered vector spaces by the equivalence,
one gets an abelian category [15].

The section 2 consists of an application of the previous section to Hodge
theory. The filtered vector spaces involved here arise from Hodge theory.
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We recover in a geometric way the fact that the category of mixed Hodge
structures is abelian, which was proved by Deligne in [4] using linear algebra.
After defining the R-split level a( H) of a mixed Hodge structure H to be the
second Chern class of its associated Rees bundle on the projective plane P,
we give some properties this invariant verifies. In particular, it generalises
the notion of R-split mixed Hodge structure which is important when one
studies degenerations of Hodge structure [3]. A mixed Hodge structure is
R-split if and only if a(H) = 0. We then give some computations of the
R-split level of the mixed Hodge structures on the cohomology of possibly
non complete and singular curves of genus 0, 1. Finally we study extensions
in the abelian category of mixed Hodge structures in terms of extensions of
the corresponding equivariant sheaves.

A relative version of the Rees construction is proposed in section 3. Start-
ing from a vector bundle on an algebraic variety S endowed with three fil-
trations by subbundles, one builds a sheaf on P% x S called the relative Rees
sheaf. This sheaf is reflexive, S-flat and equivariant for the action of the
torus in the direction of the projective plane. However, its fibres over points
of S do not in general directly provide the Rees bundles corresponding to
the expected 3-filtered vector spaces. Once again we have to consider the
reflexivization of these coherent sheaves to recover the right object.

In section 4, we apply the relative Rees construction to vector bundles
endowed with three filtrations provided by Hodge theory. After recalling
the definition of a variation of mixed Hodge structure on a variety S and
constructing the corresponding classifying space M [3], one would like to
define a universal relative Rees sheaf on it. Since the conjugate of the
Hodge filtration do not vary algebraically nor holomorphically, in order to
perform the construction, we have to consider an open subvariety M°PP of
the product M x M which parametrizes pairs of opposed filtrations. On this
variety we have a canonical 3-filtered vector bundle formed by the weight
filtration, which is constant since it is flat for the canonical connection, and
two filtrations which come from the universal Hodge filtration on the first
and second factor of M x M. Once we have this 3-filtered vector bundle
we can build the universal relative Rees sheaf &pjorr on P% x M°PP. A
variation of mixed Hodge structure on S gives rise to a morphism from its
universal covering to the classifying space ¢ : S — M. One recovers the
Rees bundle associated to the mixed Hodge structure over s € S by looking
at the fibre over s of the pullback on PZ x S of the universal relative Rees
sheaf (idpfé X X P)*Enropr. This sheaf is a real algebraic, or real analytic,
coherent sheaf of C?Opg—module whose fibres are coherent sheaves of Opa-
modules by GAGA, and are equivariant, of degree 0 and P}-semistable.
Finally, we show that the R-split level is upper semi-continuous and hence
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defines a stratification of the base of the variation by real algebraic or real
analytic closed subsets.

In this correspondence between variations of mixed Hodge structure and
families of P}-semistable equivariant sheaves, two notions are missing to be
able to understand degenerations of mixed Hodge structure in terms of the
compactification of the related moduli space of semistable Rees coherent
sheaves: an equivalent in the category of relative Rees sheaves of the con-
nection underlying a variation of mixed Hodge structure and a translation
of the polarizations.

I would like to thank C.Simpson, my advisor, for his help and encourage-
ment. I would also like to thank C.Sabbah for suggesting me the approach
in the first section, C.Sorger for pointing out a mistake in the semista-
bility condition in a preliminary version and M.Perling for explaining me
his work. I gratefully acknowledges the support of the european comission
(Marie Curie Intra-European Fellowship MEIF-CT-2003-501550). T would
like to thank the staff of the CRM for its hospitality.

1. REES CONSTRUCTION AND TORIC VECTOR BUNDLES

Let k be an algebraically closed field of characteristic zero. By an alge-
braic variety over k we understand a separated scheme of finite type over
Speck.

1.1. Rees construction. The technical tool we will use to geometrize
multi-filtrate vector spaces is the Rees construction. This construction al-
lows us to associate a coherent sheaf on the n-dimensional affine space AJ},
to a vector space endowed with n filtrations.

Let V be a finite dimensional k-vector space endowed with n decreasing
filtrations Fy, Fy, ..., Fe. The object (V, Fy, Fy, ..., F2) is called a n-filtered
vector space. All the filtrations we will consider in this section are complete;
a filtration F'® of a vector space V is said to be complete if there exists two
integers m and n, m < n, such that F™ =V and F™ = {0}.

A morphism between two n-filtered vector spaces

f:(V,Fe Fs, ..., F)— (V',GY,GS,...,G?)
is a morphism between the underlying vector spaces that is compatible with
the filtrations, or filtered, that is, for any integers ¢ and p, f(F}) C G%.
We will denote by C,, ruir the category whose objects are n-filtered vector
spaces and morphisms are filtered morphisms.

Consider the k[uy,usg,...,u,]-module R(V,F?,Fy, ..., F?) generated by
the elements of the form

( H ul’) @ v, where v € F{' NFy* N ...NFP.
i€[1,n]



MHS AND VECTOR BUNDLES ON THE PROJECTIVE PLANE I 5

The module R(V, F?, F3, ..., F) is called the Rees module associated with
the n-filtered vector space (V, FY, Fy,...,E?). Since V is finite dimensional
and the filtrations are complete, the Rees module is a finitely generated
torsion free kluq,us, ..., u,]-module.

We generalise the definition and the construction of Rees coherent sheaves
given in [22] for one filtration to n-tuple of filtrations.

Definition 1.1. The Rees coherent sheaf E(V,Fy,F3,...,Fy) associated
to a n-filtered vector space V is the coherent sheaf on the affine space
A} = Specklui,ug, ..., u,| associated to the Rees k[u1,us, ..., u,]-module
R(V,F? Fy, ... F?),

SV, FT, F3, o FR) = ROV, ET FS 0 F).

Let G be an algebraic group which acts on an algebraic variety X and
let 0 : G x X — X denote the action and ps the projection on the second
factor. A sheaf of Ox-module £ is said to be equivariant if there exists an
isomorphism ® : 0*€ = pi& satisfying the cocycle condition (7 ® idx )*® =
piso(idg®0)*®, where 7 is the group multiplication and p12 : GXGx X —
G x X the projection on the two latest factors.

Consider the standard action on the affine space A} of the torus (G,)" =
Spec B where B = k[ti!, 5", ..., tF!]. The morphism o : (G,,)" x AP — A}
corresponds to a structure of B-comodule on kf[ug,us, ..., u,] given by the
morphism

ot k[ur, ug, oy tun] — B ®p k[ug, ug, ..., )

uU; — t; @ u;.
Then, this morphism induces a structure of B-comodule on the Rees module
defined by the morphism
ot  R(V,FL,F3,...,F2) — By, R(V, F, F3, ... F3)

(Hie[l,n] ufl) v (Hie[l,n] tfl) ® ufl ®v.
This morphism endows the corresponding Rees coherent sheaf with a (G, )"™-
equivariant structure.

Thus, the Rees construction yields a functor ¢r from the category of n-
filtered finite dimensional vector spaces Cy, i to the category of equivariant
coherent sheaves on A7 for the standard action of the torus (G,)™.

As we will see in the following sections the functor ®r has an inverse.
We will explicit it here in a particular case we will be interested in for the
applications. Let us focus on the case of coherent sheaves on Aﬁ associated
to vector spaces endowed with two filtrations. In that case, the associated
coherent sheaves are locally free. Starting with a locally free sheaf £ on A?
which is equivariant for the action of (G,,)?, then, we get two filtrations on
the fibre V' = &1 1) over (1, 1) in the following manner: all vector bundles on
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the plane being trivial, £ corresponds to a free k[uy, uz]-module R = £(A}).
The action of the group gives a trivialisation over (G,)?> C A7 which yields

an isomorphism of k[uf!, uF']-modules

klufl, ui!] Okfuy uz) B = Eufl, uf'l @, V.

By taking the quotient by the ideal (u; — 1,us — 1) we show that V' can
be canonically identified with R/(uy — 1, u — 1) R, which is the fibre £ 1.
This gives

R C Ekuf',uf') @y V.

We can define two complete decreasing filtrations by taking FI' N Fy to be
the subspace of vectors v such that u;”u;? ® v € R. This construction
defines a functor ®; from the category of equivariant vector bundles on the
projective plane to Cafiy.

This construction is inverse to the Rees construction. Starting with a 2-
filtered vector space (V, F'*, G*) and applying it to the associated Rees bun-
dle £(V, F*,G*), we recover the same filtrations on the same vector space.
It can be seen by taking a basis adapted to both filtrations corresponding to
a splitting of the two filtrations V = @, , V77 such that F? = @z, o VP
and GY = @p/’q/Zqu/’q/. Hence the module in the above discussion is the
klu1, uz]-module B = @, qu; Puy VP17 and, applying the functor ®;, we
recover the filtrations on the same vector space V.

Proposition 1.2. ([16], [22]) The Rees functor ®r and the inverse functor
®; establish an equivalence of categories between the category Cayir and the
category of equivariant vector bundles on A% .

Let (V,F®) € Cifitr- We denote by GrpeV = @,FP/FPT! the associ-
ated graded object whose p'" piece is Grh.,V = FP/FPTL TIf (V,F*,G*) €
Cayiir, then G*® induces a decreasing complete filtration on each graded piece
of GrpsV and gives rise to a bigraded object GrgeGrrsV. We refer to [4]
for a background on graded objects. Note that, according to Zassenhaus’
lemma, the objects Gri.e Gr&.V and Grg.Gri..V are canonically isomor-
phic.

We denote by £(s) the fibre of the coherent sheaf £ over s. By taking
the quotient of the corresponding Rees modules we get:

Lemma 1.3. All the following isomorphisms are canonical.

(1) Let (‘/7 F') € leiltr- Then:
(a) €V, F*)(5) =V if s € AL\ {0},
() £V F*)(0) = GrpaV.

(ii) Let (V,F*,G*) € Coyittr- Then:



MHS AND VECTOR BUNDLES ON THE PROJECTIVE PLANE I 7

(8) E(V,F*, G a1y = [IE(V,F*G*) = €(V,F*) as
G, -equivariant locally free sheaves on the affine line, where
s#0 and fs: A} x {s} — A3 is the inclusion morphism.

(b) €(V, F*,G¥)((s, 1)) =

Vif (s,t) € A2\ (Al x {0} U {0} x A1),
=2 GrpeVifs=0andt+#0,
GrpeGrgeV 2 GrgeGreeV if (s,t) = (0,0).

Rees sheaves could be considered as total spaces of deformations of fil-
tered vector spaces into the associated graded vector spaces.

1.2. Rees bundles and Toric bundle. Let X be a toric variety, that is,
a normal variety which contains an algebraic torus 7" as a dense open subset
such that the torus multiplication extends to an action of the algebraic group
T on X. We refer to [9] for a background on toric varieties. The variety
X is defined by a fan A contained in the real vector space Ng = N ®z R
associated with a lattice N = Z" and will be denoted by Xa.

Let M be the lattice dual to N and (,) : M x N — Z the canonical
pairing. The elements of the abelian group M are denoted by m,m’ if
written additively and by x(m), x(m’) if written multiplicatively. M is the
natural group of characters of the torus T = Homg, (M, k*).

A cone o of the fan A is a convex rational polyhedral cone contained
in Ng. The cones will be denoted by Greek small letters o, p, 7 and etc.,
the order relation among cones is denoted by <. Let us recall the following
standard notations (see [9], [17]):

(i) o(i) = {r < o|dim T =i}, the elements of A(1)are called the rays,
(if) n(p) the primitive lattice element spanning the ray p € A(1),
(iii) the conedual to o is defined by & ={m € Mg|(m,n) >0forall nea},
(iv) ot = {m € Mg|(m,n) = 0 for all n € o} is the orthogonal cone
to o,
(v) op =6 N M is the subsemigroup of M associated with o.

The category of o-families. Let o be a cone. We introduce the notion
of o-family following [17]. Let £ be a quasicoherent sheaf on a toric variety
Xa. The torus action on the T-invariant affine open sets U, = Spec k[o ],
o € A, gives an isotypical decomposition of the O -modules of sections of
& into T-eigenspaces

(Us &) = P T(Us, E)m-
meM

The module structure over k[ops] induces, for each m,m’ € M, a map
LUy, E)m — T(Uy, )y defined by e — x(m' — m).e provided m’ —m €
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oas- This induces a natural preorder on M associated with o,; by setting
m<sm' ifm —m e oy.

Since we want to work with decreasing filtrations, which is more conve-
nient for the applications to Hodge theory, the notations and conventions
we adopt here differ from the one used in [17]. We denote by E, the k[o]-
module I'(U,, £) and by F" the direct summand I'(U,, £)_y,. Consider the
preceding isotypical decomposition E, = @,,.,, Fo"'. Note that the torus
T acts by multiplication by x(—m) on F2* and that there is a morphism
F™ — F™ given by the multiplication by x(m—m’) provided m—m’ € oy;.
To recover Perling’s convention it suffices to consider the increasing filtration
F, associated to each decreasing filtration F'* by letting, for each integer
p, Fp = F7P. The family of vector spaces FJ* and characters x(m) form a
direct family of vector spaces associated with the preorder imposed by o ;.
Following [17], such a data is called a o-family:

Definition 1.4. Let {F"},nem be a family of k-vector spaces. Suppose
that for every m and m’ such that m’ <, m we have a vector space

homomorphism X;”’m/ D F — Fg"’/ such that for all m, xI»™ = id,
and, for every triple (m,m’,m”) such that m” <, m’ <, m we have
XZ””” = ng’,m” o xf,”’m/. Such a data is a o-family.

A o-family is said to be finite if all the vector spaces F.* are finite-
dimensional, if for each ascending chain of characters ... <, m;11 <, m; <,
m_1 <, ... there exists an integer 9 such that F* =0 for each ¢ < ip and
finally if there is only a finite number of vector spaces F* such that the
map @mggm/F(’,”/ — F'™ defined by the summation of the X7 ™

o 18 not
surjective.

Definition 1.5. Suppose given two o-families {F"}em and {G2 b enm
with respective vector space homomorphisms xf,”””/ and *y;"*m,. A morphism
of o-family ¢, from the first to the second o-family is a set of vector space
homomorphisms {¢7 : F™ — G7}enm such that for all m,m’ verifying

’ m’ mm’ _ m,m’ m
m§0m7¢0 OXU _’YU’ O¢o"

Consider a M-graded module F, with associated decomposition E, =
PmemFY'. We define XQ””/ P FY — Fj,”' to be the morphism induced
by the multiplication by x(m — m') in the structure of M-graded module.
Then the family of vector spaces F" with the morphisms X, . yields a
o-family. Each graded morphism provides a morphism of o-families by its
decomposition into homogenous components.

Reciprocally, consider a o-family and let E, = @®,,epm F)*. Define an M-
graded structure by letting, for each m € o) and each v € F;”/, x(m).w =
X (). Morphisms of o-families give rise to graded morphisms.
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We can state a first correspondence between families of vector spaces and
equivariant sheaves:

Proposition 1.6. [17] Let U, be a T-invariant affine open scheme of Xa.
The following categories are equivalent:

(i) equivariant quasicoherent sheaves over U,,
(ii) M -graded k[op]-modules with morphisms of degree 0, and
(ili) o-families.
Moreover, finite o-families correspond to equivariant coherent sheaves.

The category of A-families. Let A be a fan. Suppose given a o-
family for each 0 € A. We obtain a system of quasicoherent sheaves &,
over each U,. If certain conditions of compatibility between the o-families
are fulfilled, these sheaves glue together to form a quasicoherent sheaf £ on
XA. These conditions are that for each pair 7 < o, with associated inclusion
10+ Uy — U,, the 7-family associated with &£; and the 7-family associated
with the pullback 7 *&, are isomorphic and that for each triple p <7 <o
we have an equality 7,0 = 7,- 0 12*nZ. Such families are called A-families.
They are finite if all the underlying o-families are finite.

The A-families we will consider are of the following form:

Definition 1.7. A A(1)-family of complete filtrations is the data of a vector
space V and, for each p € A(1), a complete decreasing filtration F};, the

vector space homomorphisms XZ“”/ being given by the inclusion F;”' — Fn
for m’ >, m. . Such a family will be denoted by (V,{F}},ea(1))-

A morphism between A(1)-family of complete filtrations from
(VAFS}peaq)) to (V/,{G5},ea(1)) is a morphism between the underlying
vector spaces that respects the filtrations.

This definition corresponds to the notion of vector space with full filtra-
tions associated with each ray of A(1) in [17].

Note that a morphism between A(1)-families of complete filtrations is
simply a morphism of A-families between two A(1)-families of complete fil-
trations.

Consider an equivariant reflexive sheaf £ on Xa. Since it is normal, it
is completely determined by its restriction to an open set whose comple-
mentary is at least 2-codimensional. So, if we let A’ = A(0) U A(1), we
have

['(Xa,&) =T(Xa,E).
This implies I'(Uy,E) = Nyeoyl'(Uy, E) on each affine toric variety Uy,
and hence, F," = Nyeo(1)F,", where F" = F;”' if m —m’ € py;. For each
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p € o(1) the stabiliser of the minimal orbit of U,, whose group of characters
in M/p3; can be canonically identified with Z using the primitive lattice
element n(p), determines a complete filtration of I'(Uy(1,&). So, we get a
A(1)-family of complete filtrations of I'(Xa-, &),

(D(Xar, E),{FS } penq))-

The first condition on which has been established the correspondence
between sets of filtrations and equivariant sheaves is Klyachko’s splitting
criterion in [12]. It describes equivariant locally free sheaves. In our context
it amounts to the following: a A(1)-family of complete filtrations verifies
Klyachko’s condition if for any o € A there exists a T-eigenspace decom-
position

V= @mEM Fom
such that for each p € o(1),

Fg = Zm,(m,np)Zi F;n

We can state the correspondence between A-families and equivariant
sheaves on Xa. Below, (iv) is the result of the original work of Klyachko
[12], whereas the other statements come from Perling [17].

Theorem 1.8. [12],[17] Let A be a fan.

(i) The category of A-families is equivalent to the category of quasico-
herent equivariant sheaves over Xa.

(ii) A quasicoherent equivariant sheaf is coherent if and only if ils as-
sociated A-family is finite.

(ili) The category of A(1)-families of complete filtrations is equivalent
to the category of equivariant reflexive sheaves on Xa.

(iv) The category of A(1)-families of complete filtrations verifying Kly-
achko’s compatibility condition is equivalent to the category of equi-
variant locally free sheaves on Xa.

Proof. To prove (iii), it suffices to recall that the notion of A(1)-families
of complete filtrations corresponds to the notion of vector space with full
filtrations associated with each ray of A(1) in [17]. Then, all follows from
[17], Theorems 5.9, 5.19 and 5.22. O

Since the singularity set of a reflexive sheaf is at least 3-codimensional
we get:

Corollary 1.9. Let XA be a toric surface associated with a fan A. The
category of A(1)-families of complete filtrations is equivalent to the category
of equivariant locally free sheaves on Xa.
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Remark 1.10. According to the corollary, on a toric surface the notions
of A(1)-families of complete filtrations and of A(1)-families of complete
filtrations verifying Klyachko’s condition coincide. It could be seen directly
by remarking that on a toric surface X only two filtrations are involved on
each invariant affine space U,, o € A(0). Since two filtrations can always
be simultaneously split Klyachko’s condition is automatically verified.

A-families and the Rees construction. Here we compare the Rees
construction defined above to the correspondence stated in [17]. Let o be
a cone and consider a o(1)-family of complete filtrations (V,{F}},co(1))-
We denote by E, the associated M-graded module. The M-graded module
k[ons] decomposes into k[oas] = @menrrklorr]m. Consider the Rees module

RV AFS Y oeo(r) = Loment Floa]-m @ FF" CE[M]© V.
We can define a structure of M-graded module on R(V,{F}},co(1)) by
letting, for each v € F",

X(=m).(x(=m') @ v) = x(=m —m/) (™ ™ (v)).
This gives directly:

Proposition 1.11. With the above notation, E, = R(V,{F}},c0o1)) as
M -graded modules.

From now onwards we will exclusively consider A(1)-families of complete
filtrations which correspond to equivariant reflexive sheaves on a toric model
of the projective plane.

1.3. A-families on the projective plane and Rees bundles. In this
section we apply the correspondence stated in the previous section to equi-
variant coherent sheaves on the projective plane.

Consider the projective plane P3 = Proj k[ug, u1, us] given by the fan A
in Ngr = N®zR, where N = Z2, generated by the rays po, p1 and p» defined
by n(p1) = ep = (1,0), n(p2) = e1 = (0,1) and n(py) = ez = (—1,—-1). o;
is the convex cone defined by p; and p;, where {4, j,l} = {0,1,2}. Denote
by T the torus acting on it. To each p; € A(1), @ € {0, 1,2}, is associated a
closed subvariety P! = V(p;) = Proj k[u;,w],j < ,{i,j,1} = {0,1,2}. For
i<j, Py =PIN P; is a fixed point of the action.

Let us consider a finite dimensional k-vector space endowed with three
complete and decreasing filtrations (V, Py F ;1,Fp'2) € Csfir- Such an
object of Cs i yields a A(1)-family of complete filtrations and reciprocally.
The T-equivariant coherent sheaf on P% associated with this family is a
reflexive sheaf on the projective plane and thus a locally free sheaf.

Reciprocally, to each T-equivariant locally free sheaf on the projective
plane is associated a A(1)-family of complete filtrations, that is an object
in Csfiter, (V, F3 , F3 F;Q) For each ¢ € {0,1,2} consider the restriction &;

po’? = p1?
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to the affine plane A? = U,, = Spec k[ ;). By Proposition 1.11 we have,
for each integers j,! such that j <[ and {4, 7,1} = {0,1,2},
& = R(F;j,F;l) = f(Fp‘j,Fp'l)

as (Gm)2—equivariant locally free sheaves. The equivariant vector bundle £
is thus obtained by gluing the three Rees bundles on the affine sets associated
to the three pairs of filtrations. This leads to the definition below and shows
that the correspondences between filtered vector spaces and equivariant
sheaves on toric varieties in [12], [17] agree with the one stated in [21], [16]
in a Rees construction context.

Definition 1.12. The T-equivariant vector bundle associated to the A(1)-
family

(V,Ey  Fp  Fy,) € Capaer is denoted by (V. Fy , F5 , Fy)) and called the
Rees bundle associated to (V, F. Ep Fp'2).

According to theorem 1.8, we thus get:

Proposition 1.13. Let A be the above fan which defines the projective
space Pz.

The Rees construction and ils inverse establish an equivalence of cate-
gories between the category of finite dimensional k-vector spaces endowed
with three complete decreasing filtrations, namely the category of A(1)-
families of complete filtrations, Csyriir, and the category of T-equivariant
vector bundle on the toric variety P3

Csrittr =<——= Bun(P}/T)

To shorten the notations, from now onward Fy, i € {0,1,2}, will be
denoted by F}°.
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Remark 1.14. By Lemma 1.3, the natural fibre of the equivariant vector
bundle

&V, Eg, Fy,Fy) over P, is G?“FOGTF]-V G’I“F-GTFO , whereas the nat-
ural fibre over each point of the dense orbit of the action is V. The bundle
&V, F3, Fy, Fy) could be considered as a way to deform V into the different
splittings associated to each pair of filtrations, wich are not compatible with
each other in general.

Remark 1.15. Using Lemma 1.3, one can see directly that the Rees bundles
on the affines planes can be glued as T-equivariant vector bundles. The re-
striction to A?HA? =~ G,, xAl, i # j, of both Rees sheaves £(V, F?,F?) and
&V, E?, F?), where {3, j, 1} = {0,1, 2}, are indeed isomorphic as equivariant
vector bundle to f*¢(V, F}?) where f is the projection G,,, x A — Al onto
the second factor (see the proof of Lemma 3.7 for the complete argument).

1.4. Opposed filtrations and semistability. The filtrations involved in
Hodge theory are in specific relative positions. This leads to the following
definition:

Definition 1.16. [4] Two filtrations FY, F5 on a vector space V are n-
opposed if

GT’}; Gr%z.V = 0 unless p + ¢ = n.
Three ordered filtrations (FJ, Fy, Fs) on V are opposed if
Grips Gris Grige V =0 unless p + ¢ +n = 0.

Recall that the objects Gr%l. GT}IJI.V and GquiGT%fV are canonically
isomorphic. We emphasize the fact that a triple of opposed filtrations is
ordered. Indeed, in GTF. GT%. GTFO.V F? and F3 play a symmetric role
but neither Fy and F} nor F0 and F3 do.

In fact, three ordered filtrations (Fg§, Y, F3) on V are opposed if and only
if, for each integer r, F? and Fy induce —r-opposed filtrations on Gri..V.

Let £ be a coherent sheaf on a smooth projective variety. The slope of

E,if rk(€) > 0, is the ratio

(&) = deg(&)/rk(€)
and is defined to be u(€) = 0 otherwise. A coherent sheaf £ is pu-semistable
if for every coherent subsheaf F C £ we have

W(F) < u(&).
We now introduce the notion of P§-semistability which is the geometric

equivalent for the Rees bundles to the property to be opposed for the corre-
sponding triples of filtrations. Let j : P} < P? be the inclusion morphism.
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Definition 1.17. A locally free sheaf £ on P? is PJ-semistable if j*&,
its restriction to the line P}, is u-semistable as a locally free sheaf on the
projective line.

According to a theorem of Grothendieck, every locally free sheaves on
the projective line split into a sum of line bundles. A locally free sheaf on
P? is therefore P{-semistable if and only if its restriction to P{ is the direct
sum of line bundles of the same slope.

Since j* induces a monomorphism from H?(P%,Z) to H*(P},Z) and
the degree is functorial, the P}-semistability is a stronger notion than the
p-semistability: let € be a coherent sheaf on P%, we have

& is P}-semistable = £ is u-semistable.

The calculation of the second Chern class we give below will be useful in the
next section. Let w € H*(P%,Z) be the cohomology class of a hyperplane.

Proposition 1.18. Let &(V, F§, Fr, F3) be the Rees vector bundles on P
associated with a trifiltered vector space whose filtrations are opposed,
(V7 F().v F1.7 FQ') € C3filt7-,opp- Then,
(i) &(V,ES, F?, F3) is Pl-semistable,
(i) er(§(V, Fg, FT, F3)) = 0, and,
(i) e2(§(V.FS, F? F5)) = 5 30, (BP9 — s79)(p + q)w?,
where hP4 = dimy, Grips Grips V and sP7 = dimy,Gris Gris Grpd V.

Proof. (i) The restriction {(V, Fg, FT, F3)[py of the vector bundle to the
divisor splits into a sum of line bundles. By Lemma 1.3, on each affine open
set A? i € {1,2} taking the restriction of the Rees sheaf £(V, F$, F?) to the
affine line ug = 0 amounts to make directly the Rees construction on the
line with the filtered vector space @,(Gry,V, F7,) (here F . is the induced
filtration on the graded piece Gre V). We thus get {(V, ¢, FT, F3)|py =
@,-f(Gr}}O.V, LY, F?, F3)|py, where L7 is defined by L} = GripsV and L+t =
{0}. Fix r and take v € GrisV. Let p be the largest integer p such
that v € Fﬁr. The three filtrations being opposed, F7, and F3, are —r-
opposed on Gr}o. V', the largest integer ¢ such that v € FQ‘{T is therefore
q = —r — p. The vector v gives a section of {(Gr%o. V,L:, F?, Fy) of the
form (32)7"($2)"P.v over AT and (42)7"(2) %v over A3. Considering
the vector bundle as a holomorphic vector bundle, one can take the limit of
the glueing map of the two local sections as ug — 0. We get 1. This shows
that the restriction is a direct sum of trivial line bundles

and proves (i) and (ii).
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To prove (iii), we proceed in several steps in order to reduce the compu-
tation of the Chern classes to those of line bundles. Let 7 : f’ﬁ — P2 be
the blowing-up of the projective plane at P12 and E the exceptional curve.
P2 is the toric variety associated to the fan Ag obtained by adding a ray
pE to A in 09, ray whose generator is n(pg) = (1,1) in N. Denote by o,
and o the two new 2-dimensional cones obtained. The divisor associated
to pg is the projective line E. Consider now the Ag(1)-family of complete
filtrations (V, Fy, FP, L*, F3), L® being the filtration defined by L° = V and
L' = {0}. Let (g (V, FS, FP, L®, F3) be the corresponding locally free sheaf
on the toric surface f’f

We compare 7*¢(V, ES, Fy, F3) to Eg(V, FS, Fy,L*, Fy). By construc-
tion they coincide on f’% \ E. Since the morphism 7 is a morphism of
toric varieties, according to Theorem 1.8, the equivariant locally free sheaf
7*¢(V, F, FY, Fy) corresponds to a Apg(1)-family, which is of the form
(V,E§, FY,G*, F3) because the sheaves correspond on the complementary
of E. When one explicits the Rees sheaves on U,; and U,y corresponding
to the pullback of the restriction of £(V, Eg, Fy, F3) to the chart A2 in P?,
one gets G* = F? x 3, where the convolution is defined by

G =3 o FTNF.

Suppose now that F? and Fy are positive, that is that FY = FY = V; this
can always be realised by shifting the indices of both I and F3y to get
FY = FY = V and, next, by shifting the indices of F in order to keep
the filtrations opposed. G*® is now positive and there is therefore a filtered
morphism from (V,L*) to (V,G*). This morphism induces an injective
morphism of equivariant locally free sheaves

(1.1)

0 —&e(V. F§, FY, L* F3) ——7"¢(V, g, FY, F3) —— T ——> 0.

Let V' = F} for some p be a subvector space of V and V"' = V/V’ be the
quotient. Keeping the notations for the filtrations induced on the subspace
and on the quotient we have, on P2,

0—&p(V' IS, FY, L* F3) — Ep(V, Fg, I, L®, F) —
SE(Vqu().’Fl.vL.7F2.) — 0.

Indeed, the sequence of Rees bundles associated to each pair of filtrations
is exact on each invariant open sets of P? 7 1(U,,), i € {1,2,3} and
Us,, and we can glue the local descriptions because only two filtrations are
involved on each triple intersection. This yields ch(ég(V, FS, FY, L, Fy)) =
Do ch(fE(Gr}O.V, Fg,F?, L Fy)). Now, only two filtrations are involved
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in each bundle §E(Gr}0.V, E3,F?,L* F3), we can therefore split it into a
direct sum of line bundles. This gives

Ch(gE(Vv FO.a Fl.v Le, FQ.)) =

5 g dimi(Gre Grt Grpe V) ch(€n(k, Lir)®, Lip)®, L*, L[q]*)).

where L[i]* is the filtration L® shifted by 4, defined by L[i]¥ = LF~.
Denote by D; and Dg the divisors on 1~)ﬁ corresponding respectively to
pi, © € {1,2,3}, and pg. The Poincaré dual of a divisor D is denoted
by np. Let & € H2(P2,Z) be the cohomology class of a hyperplane.
We have c1(€e(k, L[r]*, L[p]*, L*, L[q]*)) = rnp, + pnp, + anp, and so
ch(¢g(k, L[r]*, L[p]*, L*, L[q]*) = 1+ (r+p+q)@+ 3 (r?+2rp+2rq)w?, which
gives, the filtrations being opposed, ch(¢g(V,F3,Fy,L°, Fy)) =
=52, P (p + @0’

Let us now compute the Chern character of 7g. This coherent sheaf is
supported on E and do not depend on Fj. Thus, we can rewrite the exact
sequence (1.1) using F? (or F3) instead of F{

0— &p(V,Fe, F8 L* FS) — m*¢(V,Fr, F2, F3) — T — 0.

Both vector bundles £g(V, FY, FyY, L*, Fy) and n*&(V, Fy, FY, Fy) split into
a sum of line bundles. The Chern character of the first is given by the above
formula
ch(¢p(V,F Fp,L* F3)) =
dimgV + 35 s ((2p+ @)@ + 3(3p? + 2pg)uw?).
For the second,

ch(m*E(V, FL, FL L F3)) =
= 7w ch(®pg&(V, LIp)®, LIp)®, Lg)*)™)

~ 1 ~
= dim;V + Z sP ((2p +q)w+ 5(4p2 +q* + 4pq)w2> .
p,q
This gives ch(7g) = 5 Y, , s"?(p+¢)*@?, which allows us to conclude since
the Chern character is additive. (]

Remark 1.19. The three filtration do not play the same role in the formula
giving the Chern classes. The reason for this asymmetry is the one explained
above: the condition for three filtrations to be opposed is not symmetric.

The following theorem gives the geometric property which characterises
the equivariant vector bundles corresponding to opposed filtrations among
the Rees bundles on the projective plane associated to triple of filtrations.

Theorem 1.20. The Rees construction establishes an equivalence of cate-
gories between the category of finite dimensional 3-filtered k-vector spaces
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whose ordered filtrations are opposed and the category of T-equivariant P}-
semistable vector bundles of degree 0 on the projective plane:

> 2
CSfiltr,opp - BunPé—semistable,u:O(Pk/T) .

Proof. According to the preceding proposition a Rees bundles associated to
a vector space endowed with opposed filtrations is P§-semistable and has
zero first Chern class.

Reciprocally, suppose given a P}-semistable degree 0 T-equivariant vec-
tor bundle € on P%. Let (V, Fg, Fy, F3) be the associated element in Cs ¢z
Suppose there exists a triple (r9,po,qo0) € Z> such that 9 + po +qo > 0
and Gr%‘i. Gqu‘;. GT‘;—%V # {0}. Then, there exists a one-dimensional subvec-
tor space V' C V whose projection on GT%‘} Gr%‘;. Gr;f(’].V is not zero. Let
(V', L*[ro], L*[po], L*[qo]) be the trifiltered vector space whose filtrations are
defined by LP[i] = V' if p <4 and LP[i] = 0 otherwise. The monomorphism
of Rees k[ug, u1, us]-modules induces an injective map of locally free sheaves

00— g(V’,L.(To), L.(po),L.(qO)) — .

By the formula given in the proof of Proposition 1.18

c1(§(V', L*(ro), L*(po), L*(q0))) = 70 + po + qo > 0,

which contradicts the u-semistability and hence the P}-semistability of €.
Moreover,

(€)=Y pa dimk(GT}]r; GT%f Gr}o. V) (r+p+ qw.

The preceding fact proves that there is no positive contribution to the first
Chern class of £ in this formula.

Every triple (g, po, qo) such that ro+po+qo < 0 and Gr’}‘} Gquf;. GT;%.V +
0 will now give a negative contribution to the first Chern class which is zero;
such a space does therefore not exist. This proves the theorem. O

1.5. Semistable reflexive sheaves. Let Refl,(X) be the category whose
objects are equivariant p-semistable reflexive sheaves on an algebraic variety
X. Let F be a coherent sheaf on X and consider the canonical morphism
to its double dual v : F — F**. Recall from [10] that F** is reflexive. It
is called the reflexive sheaf associated to F and is canonically isomorphic
to it when F is reflexive. The kernel, cokernel, image and coimage of a
morphism in the category of reflexive sheaves are defined to be reflexive
sheaves respectively associated with the kernel, cokernel, image and coimage
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in the category of coherent sheaves. In fact, the kernel of a morphism
f: &€ — Fin Refl,(X) is still reflexive. We get
(1.2)

0 —— Ker(f) = Ker(f)* & F Coker(f) ——0

l”

Coker(f)* —— 0,

where the horizontal sequence is exact in the category of coherent sheaves
and the other is exact in Refl,(X). Suppose now X is endowed with the
action of an algebraic group G and denote by Refl,(X/G) the subcategory
of Refl,,(X) whose objects and morphisms are G-equivariant.

This category is clearly additive. To prove that it is exact we use the
fact that p-semistability allows us to exhibit an isomorphism between the
image and the coimage of a morphism in the complement of a subvariety of
codimension at least 2. This provides an isomorphism since reflexive sheaves
are normal.

Theorem 1.21. [15] Refl,(X/G) is an abelian category.

Remark 1.22. Note that the abelian category Refl,(X) is not a sub-abelian
category of the abelian category of coherent sheaves, the cokernels in both
categories do not agree.

Since reflexive sheaves on curves and surfaces are locally free, considering
the action of the trivial group, we recover the classical result (see [18] for
example):

Corollary 1.23. The category of p-semistable sheaves on a curve or a
surface is abelian.

Recall that an affine toric variety U, is nonsingular if and only if o is
nonsingular, which means that ¢ is generated by part of a basis for the
lattice. A fan is said to be nonsingular if all of its cones are nonsingular.

Corollary 1.24. Let A be o nonsingular fan. The category of A(1)-families
of complete filtrations is abelian.

Let us turn back to consider the projective plane P defined above. One
can show that when one imposes a stronger semistabily condition the cat-
egory of semistable vector bundles of degree 0 on P? is still abelian (For a
proof of this fact see [15], Theorem 3.1).

Proposition 1.25. The category of T-equivariant Pj-semistable vector
bundles of degree 0 on the projective plane Bunp(lj_semismble’“:O(Pi/T) is
abelian.
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Thus, by Theorem 1.20, we recover in a geometric way the following
result (see [4]):

Corollary 1.26. The category Csfiiropp Of finite dimensional trifiltered
k-vector spaces whose ordered filtrations are opposed is abelian.

1.6. Real structures. In this section we take k = C. Consider the anti-
holomorphic involution of P&, 7 : (ug,u1,u2) — (o, U2, u1). Let € be an
(’)p%—module. We define the sheaf 7*(€) by letting, for each Zariski open
set U,

T*EWU) = E(r(D)).
It is canonically endowed with an (’)pzc -module structure by setting, for each
e € 7°E(U) and each f € Opz (U),

fe=1(f)e.
Note that P} is globally invariant by 7.

A T-equivariant coherent sheaf on the complex projective plane is the
data of a coherent sheaf £ and of a morphism of Opé—modules f:E€—TE
such that 7*(f) o f = idg.

A T7-equivariant coherent sheaf is a coherent sheaf that is both T and
T-equivariant. T7-equivariant sheaves are naturally associated with finite
dimensional trifiltered complex vector spaces with underlying real structure
whose both latest filtrations are conjugated one another, that is, for each
integer p, FY = F¥. We denote by Csfitr,opp,r the category whose objects
are of this form and whose morphisms are morphisms of real vector spaces
which induce filtered morphisms when passing to the complex structure.
There is a forgetful functor from Csfiitr opp, R t0 Cafittr,opp Which consists in
forgetting the real structure.

Theorem 1.27. The Rees construction establishes an equivalence of cate-
gories:

C3filtT70PP,R -~ BunPéfsemistable,/_L:() (P%/TT) .
Moreover, the category Csfitropp,R 5 abelian.
Proof. One immediately verifies that T-equivariant objects correspond bijec-
tively to triples of filtrations whose filtrations are conjugate. The fact that
the category is abelian is a direct consequence of the fact that
Bunp: _gemistabte,ui—0(P&/T) is and that the functor 7* is exact since 7
is an homeomorphism. O

2. APPLICATION TO HODGE THEORY

In this section we apply the correspondence stated before to filtered vec-
tor spaces arising from Hodge theory. We take & = C. Let us recall some
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definitions and results about Hodge structures. Notice that we do not con-
sider mixed Hodge structures defined on Z nor Q.

Definition 2.1. A pure R-Hodge structure of weight r is a triple
(Hg, F*, F*®) consisting of a finite dimensional R-vector space Hgr and two
decreasing filtrations of Hc = Hr ®r C, the Hodge filtration F* and the
conjugate filtration with respect to the underlying real structure F*, such
that F'* and F* are r-opposed.

Definition 2.2. A R-mized Hodge structure is a quadruple (Hg,We,F'*,F*)
which consists of a finite dimensional R-vector space Hgr, an increasing
filtration of this real vector space W,, called the weight filtration, two filtra-
tions F* and F* of Hc = Hr ®r C, conjugate to each other with respect
to the underlying real structure, such that F* and F* induce a pure Hodge
structure of weight 7 on each quotient Gr!Y = W, /W, _1, or, equivalently,
such that the three ordered filtrations (W,, F*, F*) of Hc are opposed; here
the weight filtration is viewed as a filtration of Hc.

We will denote by R-MHS the category whose objects are R-mixed Hodge
structures and morphisms are morphisms between vector spaces compatible
with the filtrations.

In the same way we can define the category of complex mixed Hodge
structures, denoted by C-MHS, by only requiring the objects to consist
of a finite dimensional complex vector space endowed with three ordered
opposed filtrations, the first being increasing and the other decreasing. An
element H € C-MHS corresponds to a quadruple (Hg, W,, F*, F*).

When a definition or a result concerns both categories, we do not specify
any of them.

Definition 2.3. The length of a mixed Hodge structure is the length of the
largest interval [a, b] such that Gr}Y # 0 for each r € {a,b}.

The level of a mixed Hodge structure is the length of the largest interval
[a,b] such that Gr}’ # 0 for each r € {a,b}.

A Tate Hodge structure of weight |, denoted by T'(l), is the unique Hodge
structure of rank 1 and of pure type (,1).

Real mixed Hodge structures of length 0 are pure real Hodge structures
and mixed Hodge structures of level 0 are extensions of Tate’s Hodge struc-
tures.

A bigrading of a real mixed Hodge structure H = (Hr,W,, F*, F*) is
a direct sum decomposition Hc = @, ,V?? of the underlying vector space
which verifies W, = @;11<, V3! and FP = @5,V

Following Deligne, one obtains an analogue of the Hodge decomposition
for mixed Hodge structures:
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Lemma 2.4. [4] Let H = (Hr,W,, F*,F*) be a mized Hodge structure.
Then, there exists a unique bigrading of H, denoted by {IP}, ,, such that

s T j,l
P9 = 9P mod @j<p,l<q JEAS

The following notion is important when one considers degeneration of
mixed Hodge structures (see [3]).

Definition 2.5. A R-mixed Hodge structure H = (Hgr, W, F'LF') is said
to be R-split if for each p, q the P9 vector spaces verify [9P = [P-9,

In this case the IP? spaces give a decomposition of Hc which is compat-
ible with the three filtrations. By Lemma 2.4 every mixed Hodge structure
whose length is lower than 2 is R-split. In particular, every pure Hodge
structure is R-split.

2.1. Vector bundles associated with mixed Hodge structures. We
associate to each mixed Hodge structure H € R-MHS (resp. C-MHS)
an object in Csfitr.opp R (resp. Csfiitr.opp). For this purpose, we take the
decreasing filtration associated with the weight filtration W, , denoted by W*,
by setting, for each r € Z, W™ = W,..

Then, we associate to each object H € Cstiitr.oppR (resp. Csfittr,opp)
the corresponding Rees bundle on the toric complex projective plane as
described in section (1.3), or, equivalently, the equivariant vector bundle
corresponding to the A(1)-family of complete filtrations that H represents.

Definition 2.6. Let H be a mixed Hodge structure in R-MHS (resp. in C-
MHS). The Rees bundle associated to H is the Rees bundle associated with
the trifiltered vector space (Hc, W*, F*, F*) (resp. (Hc, W*, F*, F'*)):

&pz (H) = &pz (Ho, W*, F*, F*) (resp. {pz (Ho, W*,F*, F*)).

Remark that to give a splitting of a mixed Hodge structure is equiva-
lent to show that the A(1)-family of complete filtrations verifies Klyachko’s
condition. As a direct outcome of Theorem 1.20 and Theorem 1.27 we get:

Theorem 2.7. The category of complex mized Hodge structures C-MHS is
equivalent to the category of T-equivariant P}-semistable vector bundles of
degree 0 on the projective plane

C-MHS =—= BunPé—semistable,u:O(P%/T) .

The category of real mized Hodge structures R-MHS is equivalent to the
category of T -equivariant P}-semistable vector bundles of degree 0 on the
projective plane

R-MHS ——= BunPé—semistable,u:O (P%/TT) .
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By Corollary 1.26, we thus recover Deligne’s result in a geometric way:

Corollary 2.8. [4] The category of real and complex mized Hodge structures
are abelian.

Consider an exact sequence of mixed Hodge structures in R-MHS

2 s

0 A H B 0,
and the associated exact sequence in Bunpi _semistable, u=0(PE&/T7)

04>€P%(A) 4i>§P‘é(H) 4”>5P%(B) —0.

By construction, fpzc (B) is the reflexive sheaf associated with the cokernel
of ¢ in the category of coherent sheaves, Coker(i), whose singularity set is
included in Py2. Let 7p,, be the cokernel of the canonical injective morphism
Coker(i) — Coker(i)™ = {pz (B). In the category of coherent sheaves we
thus have the exact sequence

(21) 00— &pz(A) —>E&pz (H) —" > &p2 (B) Tpy, 0.

2.2. New Hodge numbers and R-split level. The fact that the Rees
bundle associated to a cokernel in the category of mixed Hodge structures
is not a cokernel in the category of coherent sheaves is due to the behaviour
of some integers similar to the Hodge numbers, classically denoted by hP-4
and given by h%? = dimc Gr%Gr%Gr;foch = dimc Gri.Gr )’ "He =
dimc Gr%Gr;Vp "9Hg. These integers, which we denote by sP9, measure
in some sense the relative position of the filtrations but are not additive
contrary to the Hodge numbers.

Definition 2.9. Let H be a mixed Hodge structure. We let
sh? = dimc GT'ZI;GT%HC.
We make the identification H*(P%,Z) = Z.
Definition 2.10. Let H = (Hr, W,, F'*, F'*) be a mixed Hodge structure.
We define the R-split level of H to be the integer
a(H) = ca(8pz, (H)).
Remark 2.11. The definition makes sense for C-MHS too. The term split

level would be, however; more appropriate for the objects of C-MHS.

Since the Rees bundles associated with mixed Hodge structures are of
degree 0, one easily verifies that for each mixed Hodge structures H, H' and
each k € Z:

(i) a(H @ H') = a(H) + o(H').
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(ii) a(H*) = a(H), where H* = Homgr_ppus(H,T(0)).
(iii) a(H @ H') = dimcHg o(H) + dimcHe o H').
(iv) a(H @ T{k)) = a(H).
Next we give an explicit formula for the R-split level. It is a direct
consequence of Proposition 1.18.

Proposition 2.12. The R-split level is expressed by

1

(2.2) alH) =5 (p+ 0 (W' = s3").

p,q

We can define extensions in the abelian categories R-MHS and C-MHS
(see [1] for example).

Theorem 2.13. The R-split level is sub-additive that is, for A and B two
mized Hodge structures in R-MHS (resp. C-MHS) and H € Exty_yp5(A, B)

(resp. Exte_nrps(A, B)),
a(H) > a(A) + a(B).

Proof. The exact sequence given by the extension leads to the exact se-
quence (2.1) in the category of coherent sheaves. We thus have ca({pz (H))+
c2(Tpy,) = c2(€pz (A)) + c2(€pz (B)). Since the support of 7p,, is at least
2-codimensional, co(7p,,) < 0, which allows us to conclude. O

Since every mixed Hodge structure can be written as a successive exten-
sion of pure Hodge structures whose R-split level is 0, we have:

Corollary 2.14. For each H € R-MHS, o(H) > 0.

In particular, it means that if A — H (resp. H — B) is an injective (resp.
surjective) morphism of mixed Hodge structures we have a(H) > «a(A)
(resp. a(H) > a(B)).

Moreover, the R-split level generalises the notion of R-split mixed Hodge
structure:

Proposition 2.15. A mized Hodge structure is R-split if and only if its
R-split level is 0.

Proof. We only have to prove the only if part. It is a consequence of Don-
aldson’s theory on vector bundles. Consider a mixed Hodge structure whose
R-split level is zero. The associated Rees bundle has vanishing Chern classes
and hence, according to [7], is trivial. The action of the torus gives then a
splitting compatible with all the filtrations.

O
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2.3. Examples of calculation of the R-split level. According to Deligne
(see [4], [5]), the cohomology groups of algebraic varieties, here separated
schemes of finite type over C, are endowed with natural and functorial mixed
Hodge structures. Let X be such an algebraic variety. We will consider the
R-split levels of X,
aj(X) = a((Hj(X’ C)7 We, F®, F.))a

where j € Z, o;(X) being associated to the mixed Hodge structure on the
jt" group of cohomology. They are invariants of the variety depending on
its algebraic (or analytic) class.

In this section we explicit the R-split level of the mixed Hodge structures
on the cohomology of some algebraic curves.

For certain varieties these invariants are trivial. The mixed Hodge struc-
tures of length lower than 2 are indeed R-split. It is the case for pure Hodge
structures and hence for the Hodge structures on the cohomology groups of
smooth projective algebraic varieties or of compact Kahler varieties. The
lengths of the mixed Hodge structures on the cohomology of weighted pro-
jective spaces (see [6]) and of varieties with logarithmic singularities (see
[23]) are lower than 2, these mixed Hodge structures are therefore R-split.

The construction of mixed Hodge structures is functorial. Let X be an
algebraic variety, 7 : X’ — X be a resolution of singularities, j : X — X
be a compactification and S = X \ X. By [4], [5] we can find a compatible
smooth compactification j : X’ — X’ and a morphism 7 : X — X making
the square below cartesian:

x 1%

LN

By [5], Proposition (8.2.6), 7 induces an epimorphism of mixed Hodge
structures on the cohomology, and j induces a monomorphism. We thus
have, for each integer [,

a(X) > a(X’) and oy (X) > oq(X).

Let us focus our attention on curves. The variety X’ of the preceding
construction is now the normalization of X. The mixed Hodge structures
on 0" and second cohomology groups are pure. Let us describe it on the
first cohomology groups. This cohomology is given by the hypercohomology
of the complex

d
[Ox — Q%, (log9)].
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The weight and Hodge filtrations on
HY(X,C) = H'([0x % m.0L (10g9)])

are described by:

Lemma 2.16. ([5], Lemme ( 10.5.11))

(i) WHHYX,R)) =Im(H*(X,R) —» H'(X,R)) and
WO(H'(X,R)) = Ker(H'(X,R) — H'(X ,R)).

(ii) The spectral sequence defined by the naive fitration of (O 4,
W*Q%/(ZOQS)] degenerates into the Hodge filtration of H*(X, C).

In order to compute the R-split level of the mixed Hodge structures on
the cohomology groups we will compute the period matriz using the preced-
ing lemma and then look at the intersection between the sub-vector space
this matrix determines and its conjugate with respect to the underlying real
structure.

Curves of genus 0. Let us consider a first non trivial example: a non
complete nodal curve of genus 0. Let (mq,ma, p1,q1) be four distinct points
of P& and X be the non complete singular curve obtained by gluing p; and
q1 together and removing the m; (for a justification of the identification of
the points see [20], chapter IV, part 3). We have S = U;{m;}. Let u be a
coordinate on P4 \{oo}.

Lemma 2.17. F'H'(X,C) =< w = (—— — —L du >.

U—m7 u—msa

Since the mixed Hodge structure on the first cohomology group of such
a curve is an extension of a Tate Hodge structure of weight 1 by a Tate
Hodge structure of weight 0 (we have h%° = h1! =1 and the other Hodge
numbers are zero), the R-split level is completely determined by the integer
st To know s! we have to compute the dimension of the intersection
of the subspace F'' with its conjugate with respect to the real structure on
H'(X,R). The Hodge filtration induces a filtration on the dual of the first
cohomology group using the isomorphism

Hpp(X,C) = Hp.y; (X, C) = H (X, C)" = (Hi(X,R) ® C)".

Let us choose a basis 79,71 of Hi(X,R). Let vy be a positively oriented
loop whose homology class is nonzero in X but vanish in X Um; and v; be
the loop formed by a path from p; to ¢1 in X’ by identifying these points.
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We can now compute the coordinates of the Hodge filtration with respect
to this basis:

<w,y > = / w = 27, and,
Yo
u—m
<w,m > = / w = [log(———)]% = log(q1, p1,m1,m2),
71 U —mz

where (g1, p1,m1,m2) is the cross-ratio of the four points. Since the action of
PGL(1) on P is transitive on the triples of points, we can always suppose
that my = 0,ms = 1,p1 = oo. X is hence completely determined by
q1 € C\ {0,1} and will be denoted by X,,. The intersection of F! with its

conjugate is nonzero if and only if ﬁlog(qlqil) is real that is if and only if

¢1 belongs to the real line R% of complex numbers whose real part is % So,
when ¢ € R%, we have si! = 1. Otherwise s'! = 0. We thus obtain:

Proposition 2.18. The R-split level of the first cohomology group of the
Oél(qu) =0if ¢; € 'R%,

curve Xg, is given by { a1(X,,) =1 otherwise
q) — ’

Remark 2.19. When we consider a family of curves parametrized by ¢1 € S,
where S is a variety (this data gives in fact a variation of mixed Hodge
structure, see below, Example 4.3), the R-split level jumps in real dimen-
sions. It reflects the behaviour of the intersection between the vector spaces
given by the family of Hodge filtrations, which are holomorphic, and the
family of its conjugate filtrations, which are anti-holomorphic.

Curves of genus 1. Let (mq,...,mg, D1, .., P15 q1,-..q1) be k + 21 distinct
points of a complete smooth curve of genus 1 and X be the curve obtained
by gluing p; and g; for each i € [1,]] and removing the m;’s. The original
smooth curve is isomorphic to the quotient of C, endowed with the coordi-
nate u, by the lattice Z + 7Z, where 7 € Z and Im(7) > 0. To explicit the
mixed Hodge structure on the first cohomology group we need the following
result:

Proposition 2.20. [14] The function ¥ : z — szlnfl Ai L log(6(u —
a;)) + C, where the {\i}ici,m—1) and C are complex numbers such that
Z;jln*l Ai =1, is Az-periodic with simple poles at the points a; + 1(1+7)
and residus \;, where 0 is the theta function on the elliptic curve given by
Az, O(u) =X, oz exp(my/—1n*u + 2mv/—1nT).

Hence we can choose following generators for F1H'(X,C) (notice that
they all come from F'H'(X’,C)): wy = du and {w; = dlog(f(u—m;—3(1+
7))/0(u—m; —5(14+7))) biep,k—1)- Let Yo, 71, -, Vs M1, ... be generators of
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H, (X, R) such that ~ is the Poincaré dual of wy, such that for each j € [1, k]
7 is null-homologue in X Um,;, and, for each j € [1,1], n; represents a loop
obtained by identifying p; with ¢;. For ¢ € [1,k — 1], the integration of w;
along n; gives
J 0(q;i—m; — 2 (1471 0 jfm,ifl 147

<winj >= [ wi =[] wi = log (9(551]—%“—2;(11)7))) / 9(;f—wu+1—22(;r+)7))))'
We denote this number by log(8(m;, m;y1,p;,¢;)). The kx (k+141)-period
matrix is thus given by:

1 0 e e e 0] 0O 0
M1 -1 0 . 0 | .
M:
o e | log(0(m, mag, 0, q5))
M1 0 o 0 1 -1 | ..

Proposition 2.21. With the above notation, the R-split level of the first

M
cohomology group of X is given by the integer s'! = 2k — rkg ( Vi ) .

2.4. Extension of mixed Hodge structures. Let us consider extensions
in the abelian category of mixed Hodge structures. We will only consider
separated extensions of mixed Hodge structures that is congruence classes
of extensions of the type

7 g

0 A——H B 0,
where the highest weight of A is less than than the lowest weight of B. For
these extensions, it is shown in |1] that the abelian group Ext}, (B, A) is
naturally isomorphic to a generalised torus, the 0" Jacobian of the mixed
Hodge structure Hom(B, A). When we forget the underlying integral struc-
ture we get the group

EXt%{,ﬂ[Hs(B, A) = HOHIR_]\/[Hs(B7 A)(j/F‘OHOHIR_]\4HS(B7 A)C
Theorem 2.7 provides an isomorphism of groups

1 ~ Tl
Extr_amus(B, A) = Extg,, ,
0

pz, /1) (€B,€4).

sst,u:()(

By looking at the R-split level of the extension, this isomorphism gives
a stratification

1 1
Bxtr s (B, A) = Ua(a)+a(m)<acan., B¥r-mns (B, Ao
Note that amq, could be explicitely computed in combinatorial terms.

Extension of Tate’s Hodge structures. Consider now extensions of
Tate’s Hodge structures Exth_ ym5(T(p), T(q)) where p > ¢q. The R-split
level of the mixed Hodge structure associated with an extension class could
be else a = 0, for the class given by the split extension, or a = (p — ¢)?
for the other classes. In the latest case, the extension in the category
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Bunpé,sst’uzo(P%/TT) leads to the exact sequence in the category of co-
herent equivariant sheaves

0 a——>¢p > ép®@Ip, —0,
where £4,&p are trivial line bundles and Zp,, is the ideal sheaf correspond-
ing to the zero-dimensional subscheme of length «, [P12]. Let us compute
Extl(fg ®Zp,,,&4) in the category of coherent sheaves. The exact sequence
for Ext groups associated with the £xt4({p @ Ip,,,£4) has Es terms
qu = HI)(X? gxtq(EB ®IP1255A)) = Eti+q(£B ®ZP127£A)>'

This leads to the exact sequence

0— H' (63_1 ®§A) - Eth(SB ®IP127 fA) - Ho(gxtl (53 ®IP127§A)) -
H*(Ep~ ' ®@&a).
Since for a surface Emtl(Ipn,Opé) = Ojp,,] and here H' (7! @ £4) =
H2(€B_1 & €A) = 07 we have Eth(fB & IP127§A) = HO(P207 O[Pm])' EqUi'
variant extension groups are given by the spectral sequence with Fy terms

ESY = HP(T,Ext!(F,G)) = Exth™(F,G).
Since reductive groups do not have higher cohomology, we get
Extip(F,G) = Ext"(F,G)T.

Equivariant extensions thus correspond to the sections of O|p,,; which are
invariant by the action of the torus, that is, constant sections. According
to [8], Theorem 8 p.37, an extension corresponding to an element 7 is free
if and only if the section 1 generates the sheaf HO(P%,O[HQ]), namely,
the natural map (’)p%j — Olp,,) is onto. Free T-equivariant extensions are
hence classified by C* (the zero extension corresponding to the non free
split extension).

Finally we have to look at the 7-invariant sections. Pjs being invariant for
7 they correspond to all the sections of O(p,,). Free T7-equivariant sections
are classified by C*. We recover in this way the stratified decomposition of
the first extension group

Extr_arrs(T(), T(9) = C = {0}a=0 U Cl_(,_p:-

2.5. Higher extensions. Let us now consider the higher extension groups
in the abelian category of real mixed Hodge structures (see [2] for definitions
and settings). We compute these groups using, for each integer n > 1, the
isomorphism

Extr_pus(B,A) = EXt%unPé pz, /1) (€B,€a).

est =0
sst,u=0
Proposition 2.22. Let A, B be two elements of R-MHS. Then, for each
n>1,

Ezlg_pnus(B,A)=0.
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Proof. Let U = P&\{P12} and i : U — PZ be the inclusion morphism. We

will show that the morphism it induces, 7*: EXt%“”péﬂst,Fo(ch/TT) (€B,€a)—

Ext¢onw, ) (1*§B,7"€a), is injective. Let 7, be two classes of n-extensions
such that i*n = i*n’. We choose a representative for each class that we de-
note by (H,, f) and (H,,g) for short, where (H,, f) means that we have
following exact sequence in Bunp; g ,—o(Pg/T7):

fo

1
0 SA le

f"l
&, B 0 .

The congruence between i*n and i*7’ is given by a morphism «y, : i*€y, —
i*$; for each integer k € [1,n] verifying ag41 0 4* fr = i*gx 0 ay for each
k € [0,n], where g = idg,|, and a,y1 = ide,),. All the morphisms
ay, are morphism between holomorphic vector bundles over PE\{Pj2} and,
Py5 being 2-codimensional, can therefore be extended in an unique way to
morphisms & on the whole space. We have to show that these extensions
give a congruence in the category of bundles in which the cokernels have
been modified. We therefore have to show the commutativity of each square.
Suppose we have shown the squares are commutative up to level k. We can
suppose fr and gr to be surjective; {g,, (resp. SHLH) is then the cokernel

of fr—1 (resp. gr—1) in Bunpé_sst7H:0(P%/TT). We thus have a diagram

i, ——= Coker(fi) “—= £

ldk J{ﬂk g
v

’

§np — Coker(gi—1) —&my
in which the first square is commutative. Since &j is the unique arrow
making the second diagram commutative, the whole commutativity in
Bunpi g i—0(P&/T7) is verified.

Let us now compute the extension groups in the category of coherent
sheaves on U. We have, since i*¢p is locally free, Extgoh(U) (i*¢p,i"a) =
H"™(U,i* (&5 @ €a)). The long exact sequence of cohomology groups

w——=Hp (P, €5®8a) —= H"(PLEh ©€a) —

— H"(U,i"(§ ©®€a)) —> =,
and the vanishing of the local cohomology groups give the isomorphism
H™(U,i* (6 @ €a)) = H"(PE, 5 ® €a). Letting C = B* @ A, where B*
is the mixed Hodge structure dual to B, we get {¢ = {5 ® {a. Let r be
the lowest integer such that W,.C # 0. C can be written as an extension
of W,.C' by C/W,C whose length is strictly lower than the length of C' and



30 O.PENACCHIO

W,.C'is a pure Hodge structure. In the category of coherent sheaves we have
two exact sequences

0 w,.c : 136, % Coker(i) — 0,
and
0 — Coker (i) ——&éoyw,c —>T —=0,

where the support of the sheaf 7 is included in Py2. Using the fact that &y, ¢
is a direct sum of line bundles of degree zero, and hence H"(P%, &w,c) =0
for n > 0, and the long exact sequence of cohomology groups associated

~

with the exact sequence above we get, for each n > 0, H"(P%,{c) =
H™(P%,Coker(i)). Since H"(P%,7) = 0 for each n > 0, the long exact
sequence of cohomology groups associated with the second exact sequence

= H"" N PLT) — H"(Pg.Coker(i))——=H"(P&Lp/w,5)—>

gives, for each n > 1, H" (P&, &) = H™(PE, Coker(i)) = H"(PE, écyw,.c)-

We can iterate the decomposition until we have a pure Hodge structure, so,

for each n > 1, H"(P%,£c) = 0. We thus obtain
Extéonqu ) (i°€p,1°6a) = EXtTéoh(U)(i*fBJ*ﬁA)TT

H'(U, i (§50€a)™

= H"(P&, &5 @6a)T

0,

Il

which completes the proof. (I

3. RELATIVE REES CONSTRUCTION

Let k be an algebraically closed field of characteristic zero. In this section,
S will be a smooth algebraic variety, namely a nonsingular scheme of finite
type over k. By point we understand geometric point. Let (V, (F})ic{0,1,2})
be a finite dimensional 3-filtered vector bundle formed by a vector bundle V
on S and, for each i € {0,1,2}, a decreasing, complete and finite filtration

of V by subbundles of the form
V=FP o FPt o Lo FPR o F = (o)

for an integer p;, where k > 0 and F? D FP™' means that F7™' is a
subbundle of F?. In particular, for each point s € S, we have a 3-filtered
vector space (V(s), (F7())icfo,1,2}); recall that for any coherent sheaf £,
E(s) denotes the k-vector space which is the fibre of £ over s. We can apply
the Rees construction to this 3-filtered vector space and get a Rees bundle
on the projective plane
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EV(s), F5(s), 71 (), F3(s))-

In this section, we give a construction that encodes families of 3-filtered
vector spaces on S by associating to them coherent sheaves on the product
P x S. It turns out that these sheaves are S-flat. We will next compare the
fibres over the points of the base of the family S, which are only a priori
equivariant coherent sheaves, with the Rees vector bundles obtained by
making directly the construction with the 3-filtered vector space associated
to each point.

As mentioned in the first section for the standard Rees construction, the
relative Rees construction of a coherent sheaf on P? x S can be effectuated
by gluing the three descriptions obtained on the open A% x S, i € {0,1,2},
by a construction involving the 2-filtered vector bundle on S, (V,F7, F}),
where {i,7,1} ={0,1,2} and j <.

A relative Rees sheaf could be seen as the equivariant coherent sheaf
associated to a relative A-family given by a 3-filtered vector bundle, where
A is the fan giving the toric projective plane in the previous sections. We
do not develop the formalism of relative A-families here.

3.1. Relative Rees module. Let us start with a finite dimensional 2-
filtered vector bundle (V, F*,G*) on a smooth algebraic variety S. We will
build a coherent sheaf on A2 x S associated to this data. We can first
suppose S to be affine, S = Spec A.

For each pair of integers (p, ), we define FP N G? to be the kernel of the
morphism of coherent sheaves

(3.1) FP —V/Ga

obtained by the composition of the injective morphism F? — V with the
surjective morphism V — V/G9. Let us denote by MP¢ the an A-module
corresponding to the coherent sheaf FPNG?; we have FPNGI = MP4. Since
the sheaf FP N G? is torsion free, being a subsheaf of a torsion free sheaf,
the A-module MP? is torsion free.

For each pair of integers (p, q), the function from S to the ring of non-
negative integers Z .,

s — dimg (FP(s) N Gi(s)),
is lower semi-continuous. We denote by UP'¢ the open set on which it takes

its generic value, and by V' = N, qU?"? the intersection of these sets. Since
the intersection is finite, V' is open.

Definition 3.1. The Rees A-module associated to the 2-filtered vector bun-
dle (V,F*,G*) on S=Spec A is the torsion free Alu, v]-module Rgs(V,F*,G*)
generated by the elements of the form v Pv™9 ®; mP9, for mP? € MP9.
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The associated torsion free coherent sheaf on A2 x S is called the relative
Rees sheaf associated with the 2-filtered vector bundle (V, F*,G*) and is
denoted by £s(V, F*,G®).

Note that the definition coincides with the definition of the Rees sheaf
on the affine plane associated with a pair of filtrations when S = Spec(k) is
reduced to a point.

The relative Rees sheaf £g(V,F*®,G*) is naturally equivariant for the
action of the torus (G,,)? on A2 x S which reduces to the standard action
on the first factor and is trivial on the second. In terms of comodule this
action can be described as follows: if we let (G,,)? = Spec B, where B =
k[u®!, v*1], the structure of B-comodule on A[u,v] is deduced by extension
of scalars from the B-comodule structure on k[u,v] made explicite in the
first section. It is clear that, similarly to the Rees module case, it induces a
B-comodule structure on the relative Rees module Rg(V, F*,G*®) and hence
an action of the torus on the corresponding coherent sheaf.

Proposition 3.2. The coherent sheaf of Opzys-modules Eg(V, F*,G®) is
reflexive and, moreover, its at least 3-codimensional singularity locus is an
at least 1-codimensional subset of the 2-codimensional variety {(0,0)} x S.

To prove this statement, we first need to define the saturation of a mod-
ule.

Definition 3.3. Let A be a regular local ring, L a free A-module and M a
torsion free submodule of L. The saturation of M in L with respect to the
ideal a of A is defined by

M:* = {l € L|a’.1 ¢ M for j > 0}.

Lemma 3.4. Let A be a regular local ring with maximal ideal m, and M
be a torsion free finitely generated A-module. Let ME™ be its saturated in a
free A-module with respect to m, then,

M3 = M = depth, M > 2.

Proof. Consider the short exact sequence associated to the embedding of M
in a free module L. The associated long exact sequence of local cohomology
at m and the fact that L is free, and hence H{ (L) for i > 0, implies that
Hi (M) = Hi7Y(L/M) for all i > 1. Since M**/M = HJ(L/M), we
can deduce the result from the equivalence (depth, (M) > j) & (Vi <
J, HL (M) = 0) (see [11], 111, Ex.3.4). O

Proof. (of Proposition 3.2) Recall that a coherent sheaf is reflexive if and
only if it is torsion {ree and normal (see [10]). Since the Afu,v]-module
Rs(V,F*,G*) is torsion free, according to Lemma 3.4, it will be sufficient
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to prove that its local rings are saturated. Let us consider the maximal
ideal m = a.(u,v). The Rees module is a submodule of the free module
L=Au* v @ V. Let | = uPv? ® b € Rg(V,F*,G*)3% be a generator.
There is an integer n such that m7.l € Rg(V,F*,G*) for all j > n. In
particular, this means that u".l = u"*Pv? ® b € Rg(V,F*,G*) and hence
b € FPt" N GY. In the same way there exists an integer n’ such that
be FPnGIt, So, b€ FPNGY, and thus | € Rg(V, F*,G*), which proves
the first statement.

Remark now that the localisation of the Rees module at a geometric point
that do not belong to {(0,0)} x S is isomorphic to the localisation of a Rees
module defined by only one of the filtration, the other being trivial. The
proof of this fact is similar to the proof of Lemma 1.3 (ii)(a): let s € A\ {0},
let p be the prime ideal corresponding to the closed subset {s} x A® of A2
and f, : {s} x Al x S — A? x S the morphism it determines. Note that,
for each integer q, G4/G97! is a vector bundle on S. Then,

ES(V7F.7Q.)|{S}XA1XS = f:gs(Vr?.vg.) R?

where R is an A[v]-module given by

R = RS(V7~7:.7 g*) @ Afu,v] (A[uvv]/p'A[uvU]) = RS(V7Q.) =
(01 @ KRG/,

This proves that {5(V, F*,G®)|{s1xa1xs is locally free. The restriction of
the Rees sheaf to (A% \ {(0,0)}) x S is thus locally free, which completes
the proof. O

3.2. Localisation. Let (V,F*,G*) be a 2-filtered vector bundle on a smooth
affine algebraic variety S = Spec A and s € S be a point whose correspond-
ing maximal ideal is p. We let X = A2 x S and denote by f: X — S the
projection onto the second factor. To each s € S is associated a morphism
fs + Xs — X, where X; = Spec(k(s)) xs X.

We want to compare the fibre over s of the family of coherent sheaves
given by the relative Rees construction, that is the equivariant coherent
sheaf on A% &s(V,F*,G%)|x, = frés(V, F*,G*), with the "expected" fi-
bre, that is, the Rees equivariant locally free sheaf associated with the 2-
filtered vector space obtained by localising at s the 2-filtered vector bundle,
EV(s), F*(5),G°(s)).

To shorten the notations, we will denote by R(p) = R(V(s), F*(s),G*(s))
the k[u, v]-module corresponding to locally free sheaf on A2, £(V(s), F*(s),
G*(s)), and by Rg(p) the k[u,v]-module I'(f*&s(V, F*,G*)) corresponding
to the coherent sheaf fX¢s(V, F*,G*).
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Lemma 3.5. With the above notations, there exists a short exact sequence
of klu, v]-modules,

(3.2) 00— Rs(p) R(p) R'(p) 0,

in which R'(p) is a torsion module.
Moreover, if p corresponds to a point s €V, then R'(p) = 0.

Proof. Let us first remark that for each pair (p,q) € Z? we have an injective
morphism of k-vector spaces (FP N G7)(s) — FP(s) NGi(s). (FPNGI)(s)
is indeed the kernel of the morphism of fibre over s given by the morphism
of stalks FP — (V/G?),, when FP(s) N G9(s) is the kernel of the morphism
of vector spaces FP(s) — V(s)/G%(s). Then, we have Rs(p) = Rs @ Afu,0]
(Afu,v]/pA[u,v]) = Rs/pRs. The k[u, v]-module Rs(p) is hence isomorphic
to the Rees module generated by the elements of the form v Pv™9 @ mP?
where P9 € MP1/pMP9 = (FP N G9)(s). This yields, using the previous
remark, an injective morphism of k[u, v]-modules from Rg(p) to R(p) which
maps the piece u Pv~=7 @ MP1/pMP9 to u Pv~= 7 @ (FP(s) NGI(s)).

Let us show that the cokernel of this morphism, R/(p), is a torsion
k[u,v]-module if its localisation at (0), R'(p)o = 0, is zero. Let m’' €
R'(p), and let m = > u"Pv~? @, m”? be a preimage of m' in R(p),
where the sum is finite. For each pair of integers (p, ¢q) there exists a pair
(Tp.gsSp.g)s Tpg < P, Spq < ¢, such that m”? € MT"»oa/pMTpa%pa,
Then uP~"rap?%ra (u Py~ 1 @, mP9) € Rg(p). Let us consider the ele-
ment P(u,v) =[], ,uP~"»av?" %4, which is well-defined since the product
is finite. Then P(u,v).m € Rg(p) and hence P(u,v).m =0 in R'(p).

Let p be the maximal ideal corresponding to a point s € V. Then there
exists an open set containing s on which, for each (p,q) € Z, the rank
of the morphism between vector bundles F? — V/G? is constant. The
restrictions of the coherent sheaves F? N GY are hence locally free, and thus
(FPNGT)(s) =2 FP(s)NGi(s). The k[u,v]-modules Rg(p) and R(p) are then
isomorphic. (I

Lemma 3.6. With the above notations, for each s € S with corresponding
ideal p, we have Rg(p)*™ = R(p), where the isomorphism is an isomorphism
of klu,v]-modules compatible with the structure of B-comodule.

Proof. We prove the statement for the canonically associated coherent shea-
ves on AZ. Let

0 Fs(p) F(p) T(p) 0

the exact sequence associated to (3.2). By Proposition 3.2, we know that
Supp(7 (p)) € {(0,0)}. This yields an isomorphism Fgs(p)ly = F(p)lu
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where U = A%\ {(0,0)}, and hence an isomorphism Fg(p)**| = F(p)**|v.
Since the dual of each coherent sheaf is reflexive, thus normal, it is deter-
mined by its restriction to each open whose complementary is at least 2-
codimensional. In consequence Fg(p)** = F(p)**; the corresponding mod-
ules are then isomorphic and all the isomorphisms are compatible with the
action. (]

3.3. Gluing and relative Rees sheaves on the projective plane. Con-
sider now a 3-filtered vector bundle (V, (F})icq0,1,2}) on an algebraic vari-
ety S as above. Let S = IlgepSs be a covering of the base space by affine
schemes. Let i € {0,1,2} and 3 € B. We make, on the open set A?x Sg, the
Rees construction involving the 2-filtered vector bundle on Sg, (Vs, 77, F7),
with {4,7,1} = {0,1,2} and j < I, where V3 denotes the restriction of the

vector bundle V to Sg.

Lemma 3.7. With the above notations, the T-equivariant reflexive sheaves
on A? x Sg, fsﬁ(Vg,fj‘,fl‘), can be glued together to form a T-equivariant
reflexive sheaf on P2 x S denoted by Es(V, FS, Fr, F3) and called the Rees
sheaf associated to the 3-filtered vector bundle (V, (F)ic{0,1,2})-

K2

Proof. Let (i,7), 1 < j, and (¢',7'), i’ < j', be two different pairs of integers
of {0,1,2}, and let [ be the integer such that {l} = {i,5} Nn{¢,j'}. h
(respectively h') is the integer such that {i,7,h} = {0,1,2} (respectively
{¢,5',n'} = {0,1,2}). Then, the restrictions of the relative Rees sheaves
€s,(Vs, Fr, Fy) and Es,(Vs, For, Fyi) to the open set (Af x Sp) N (A7, X
Sg) =2 G, x Al x Sg are isomorphic, via ¢! and ¢!, respectively, as
equivariant coherent sheaves, to the pullback f*{s,(Vs, F}) of the relative
Rees bundle on A' x S5 associated to the filtered vector bundle on Sg,
(Vg, F?), by the projection f : G,, x A! x S5 — Al x Sz. This gives a
transition map ®,,, where {h,h/,I} = {0,1,2}, on the open intersection
(AZNAZ2,)xSg. The three transition maps satisfy the cocycle relation since
all the restrictions coincide on the intersection of the three standard open
sets covering P? x Sg. This yields an equivariant sheaf &g, (V, 7§, Ft, F3)
on P x S5. One can clearly glue these sheaves to form a sheaf on P? xS. [

As a consequence of Proposition 3.2 we have:

Proposition 3.8. The Rees sheaf associated to a 3-filtered vector bundle
V on a smooth algebraic variety S, {s(V, F§, Fr,F3), is a T-equivariant
reflexive sheaf whose singularity locus is included in {Po1, Poa, P12} x S.

Since the relative Rees sheaves are reflexive, they form flat families of
torsion free sheaves.
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Corollary 3.9. The Rees sheaf Es(V, FS, Fr, F3) on P2 x S associated to
a 3-filtered vector bundle V on a smooth algebraic variety S is S-flat.

Proof. Denote by s the sheaf {s(V, Fg, Fr, F3) and by £ its restriction to
U x S, where U = P \ {Po1, Po2, Pi2}; recall that & is locally free. Let
f: X =P%xS — Sandlet Ox(1) be a line bundle on X whose restriction
to any fibre X is ample. It suffices to prove that for all m sufficiently large
the sheaves f.(€s(m)) are locally free. Let V be an open set of S, then, for
each integer m, since £g is reflexive and hence determined by its restrictions
to open sets whose complementary is at least 2-codimensional,

Fo(&s(m))(V) = Es(m) (PR x V) = £g(m)(U x V) = fu&(m)(V).
Since f.E€(m)(V) is a free Og(V)-module, so is f.(£s(m))(V). O

We are now able to compare the fibres of the relative Rees family to the
Rees vector bundles obtained at each point from the 3-filtered vector spaces
deduced from the 3-filtered vector bundle.

Proposition 3.10. Let (V, (F})icqo,1,2}) be a 3-filtered vector bundle on a
smooth algebraic variety S. Let {s(V, FS, Fy, Fs) be the associated relative
Rees sheaf on P2 x S. Then for each s € S we have an isomorphism of

T-equivariant locally free sheaves on P3
Es(V, 75, T, F3)(s)™ = E(V(s), Fi (5), Fi (), F3 (s))-
Moreover, there exists an open set V. C S, such that for each s € V
fS(V,f(;,ff,fQ.)(S) = f(V(S),fO.(S),.7:1'(8),.7:2.(8))

Proof. According to Lemma 3.5, by gluing the local descriptions of the fibres
of the relative Rees sheaves and the Rees locally free sheaves of the fibres
of the filtered vector bundle as in Lemma 3.7, we have, for each s € S, the
exact sequence

0——=&s(V, 75, BT, F3)(s) ——=EV(s), F5 (s), F1(s), F3(s)) ——

T(s) 0,

where Supp(7 (s)) C {Po1, Po2, Pi2}. Then, Lemma 3.6 gives the first iso-
morphism.
Next, the relative Rees sheaf being S-flat by Corollary 3.9, the set

V ={se S|E&s(V,F, F’,Fs)(s) is a locally free sheaf }

is an open subset of S. According to Lemma 3.5, for each s € V, T (s) = 0.
For each point of V' we thus have the required isomorphism. O
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Example 3.11. Let V be a 2-dimensional vector space over k, {e, f} be
a basis of V and V be the trivial vector bundle associated to V on A? =
Speck[A, u]. Consider the three finite, complete and decreasing filtrations
of V given by 7y 2 =V, Fy ' = F§ =< f >, F} = {0}, F} =V, Fl =<
e+ PO\ u)f >, F2 =10}, and, FY =V, Fl =< e+ Q\ pn)f >, F2 =
{0}, where P,Q are two polynomials in A and u. One verifes that at each
point of the base space the given filtrations are opposed. On A3 x A2
the Rees k[u,v, \, ul-module Raz(V, Fy,F3) is generated by {u™! @ (e +
P\ ) f),v @ (e+Q\ u)f), f} (with u = i and v = 32). Consider the
closed subset of A2, Z = {(\, u) € A2|P(\, u) = Q(\, 1) }. The singularity
set of the relative Rees sheaf on Pz x A2 is Pjs x Z. This is due to the
fact that the dimension of the intersection of the two subvector spaces of V'
given at each point by Fi and F} jumps at the points which belong to Z.
Indeed, for each maximal ideal p which corresponds to a point s € Z, we
have an exact sequence of k[u, v, A, u]-modules
0— RA2(V7}—1.7]:2.>(p) - RAZ(V’fl.7‘7:2.)(p)** - R/(p) — 0,

where Ra=(V,Fy, F3)(p)** is isomorphic to the free k[u,v]-module gener-
ated by {u=tv"! @e, f}, which is exactly R(V(s), FP(s), F3(s)), and R'(p)
is the torsion k[u,v]-module v~ o= k[u,v]/(u™t, v=1)k[u, v].

Since the dimensions of the intersections of the subspaces given by the
filtrations do not jump on the other charts A? x A% i € {1,2}, the as-
sociated relative Rees sheaves are locally free. So, for each s € A?\ Z,
Ear(V, F, Fr, F3)(s) is locally free, and, if s € Z, we have

0— a2V, 75, 1, F3)(s) = £(V(s), 75 (s), F1 (5), F3(5)) = Tp, — 0,
where Tp,, is a skyscraper sheaf of rank one supported at Pja C P3.

3.4. Analytic relative Rees sheaves. Let (V, (F})ic0,1,2}) be a 3-filtered
holomorphic vector bundle on a complex manifold S. One can perform the
construction of the relative Rees sheaf on PZ xS in an analytic context; here
P% = Proj Clug, u1, us] is considered as a complex manifold. The coherent
sheaves ]-';7 NF, j # 1, can be defined in the same manner and are analytic
torsion free coherent sheaves. Next, on C? x S, where C? = Spec C[u, v]
is considered as a complex manifold, with j < I, {i,4,i} = {0,1,2}, one
defines the Og[u, v]-module
Y op g WPVTIFI N FL

This module gives a reflexive coherent sheaf on C? x S which is equivariant
for the action of (C*)? = Spec C[t;ﬂ, t:£1] on the first factor. One can glue
the local descriptions to get a T-equivariant analytic reflexive Rees sheaf
Es(V,FS,Fe, F3) on P4 x S. Propositions 3.8 and 3.10 translate directly
in this context.
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Note that, by GAGA, the coherent sheaves parametrized by S are al-
gebraic coherent sheaves on the projective plane. Indeed, for each s € S,
Es(V, 7§, T, F3)|p2,x (s is an analytic coherent sheaf on PZ, hence alge-
braic.

4. VARIATION OF MIXED HODGE STRUCTURE

4.1. Rees sheaf associated to a variation of mixed Hodge structure.
The aim of this section is to codify variations of mixed Hodge structure in
terms of families of Rees bundles, namely relative Rees sheaves. We do not
give an analogue of the connections underlying these objects nor take into
account the polarizations.

In this context, we define a variation of mixed Hodge structure to be:

Definition 4.1. A wvariation of R-mized Hodge structure on a complex
manifold S is an ordered triple (Hr,W., F*) consisting of a local system
‘Hr of free R-modules of finite rank over the variety S and two filtrations:
an increasing filtration W, of Hgr by local subsystems and a decreasing
filtration F* by subbundles of the holomorphic vector bundle Hp = Hr ®
Og such that:
(i) For each point s € S, the fibre (Hr(s), Wa(s), F*(s), F*(s)) € R-
MHS, namely is a R-mixed Hodge structure.
(if) The canonical connection V corresponding to the local system Hgr
satisfies, for each integer p, the condition
VFP C QL @ FPL.

This definition, and all the results of this section, can be stated in a
complex algebraic context. In that case, the base of the variation is a
smooth scheme over C and the Hodge filtration is algebraic.

A variation of R-mixed Hodge structure can be described in terms of a
morphism from the base to an appropriate classifying space M of mixed
Hodge structures. Before giving its construction, after [3], we need to recall
some facts about R-split mixed Hodge structures. There is a canonical way
to deform a mixed Hodge structure into one which is split over R. Con-
sider (Hr,W,, F*,F*) € R-MHS and its canonically associated splitting
{I1P1}, ,. We associate to this Hodge structure the nilpotent Lie algebra

(=171 = {§ € End(Hg)|5(IP9) C ®j<picqgl?'}.
Since I=1~1 = [71~1 this algebra admits the real form [z" " = End(Hg)N
(—L-L
Proposition 4.2. [3] Let (Hr,W., F*,F*) be o R-mized Hodge struc-
ture, there exists a unigque § € [;{1’71 such that the mized Hodge structure
(Hgr, W,, e ®F* ¢ F*) is R-split.
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Moreover, the functor (Hr, Ws, F®*, F*) s ((Hr,W,,e O F* e F*), )
establishes an equivalence of categories between the category of R-mized
Hodge structures and the category whose objects are pairs formed by a R-
split mized Hodge structure and an endomorphism of its associated real
nilpotent Lie algebra 6 € [;{1’71, and whose morphisms are morphisms of
mized Hodge structures commuting with the endomorphisms J.

Consider a variation of mixed Hodge structure (Hgr,W., F®) on S as
above and let fP = rkg(FP) and fP = rke(FP), where the vector bundle
FP is the p'" stage of the Hodge filtration of the variation of pure Hodge
structures of weight r induced by FP on W,./W,._1.

From Lemma 2.4, a R-mixed Hodge structure is completely determined
by its splitting {IP?}, 4. The classifying space of R-mixed Hodge structures
M can therefore be viewed as the set of equivalences of splittings.

Let V be a fibre of Hc and Vi be the underlying real vector space. Let
WoGL(V) be the group of automorphisms of V' which preserve the weight
filtration of V. Consider the kernel W_1;GL(V) of the canonical morphism
of groups

WoGL(V) 5 [, GL(GrIV V).
The set of real splittings is a principal homogenous space under WoGL(V )r =

WoGL(V)NGL(VRr), and, according to Proposition 4.2, the set of all pos-
sible splittings is a principal homogenous space under

H = WoGL(V)r.W_1GL(V).

Let us choose a R-split splitting and let FJ be the corresponding filtration.
Let P be the subgroup of H which preserves Fy, then,

M=~ H/P,

the isomorphism depending on the choice of the reference R-split mixed
Hodge structure.

The variation of mixed Hodge structure (Hr, W,, F*) on S gives rise to
a morphism

p: S— M
from the universal covering of S to the classifying space which gives a mor-
phism
S —->T\M,

where I' = Im(m1(S,*x) — GL(VR)) is the image of the monodromy homo-
morphism. By analogy with the case of variations of pure Hodge structure,
the morphism ¢’ is often called the period mapping.
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Each point of s € M gives a Hodge filtration Fy such that
(Vr, We, F2, F?) is a R-mixed Hodge structure. There is a universal fil-
tered vector bundle (V, Fy,...,) on M such that, for each integer p and each
point s € M,

fgnw(s) = Fg)7
and such that the Hodge filtration of the variation of mixed Hodge structure
is given by
Fe = (10* 7:711'1)'
Next, each point (s,t) € M x M gives an ordered 3-filtered vector space
(V,W,, F2,F?) and we have a universal 3-filtered vector bundle on M x M

of the form

(V ®c OMX]VI? we ®c OMX]VI? f;niv,h f;niv,Q)a
where F3,;,;, ¢ = 1,2 is the pullback on M x M of the universal Hodge
filtration on M by the projection on the first and second factors. We con-
struct the relative Rees sheaf associated to this 3-filtered vector bundle and
get a T-equivariant reflexive sheaf on P& x M x M,

Emxm(V @c Omxar, W® @c Onrsars Foniv 15 Faniv,2)-
Next, we focus on the locus of opposed filtrations M°PP C M x M which is
defined to be the set of points (s,t) € M x M such that (V, W,, F?, F?) € C-
MHS, namely such that (W,, F'?, F) forms an ordered triple of opposed
filtrations on V. This space can be considered as the classifying space of
complex mixed Hodge structures associated to the data {(V, W,),{fP}+p}.
Notice that (s,t) € M°PP < (t,s) € MOPP.

Lemma 4.3. The locus of opposed filtrations M°PP is an open submanifold
of M x M.

Before giving the proof, let us remark that the property to be opposed
for the filtrations, namely, for each integer r, the fact that Fy and F;? are
r-opposed on Gr!V'V is detected on the graded pieces of the graded object
GrwV. For each r there is a surjective map

7w M — FI(V,),
where FI(V,) = FI(GrVV, f*, ..., f}) is the flag manifold which parame-
trizes filtrations by subvector spaces, Gr'VV = F* > F1 5 ... D F" 5 {0},
such that, for each p, dimcFP = fP. The flag manifold FI(V,.) is a projec-
tive variety. This map sends a point s, corresponding to Fs, to the Hodge
filtration F? induces on GrYV. Let n, = dimc(GrV'V) and remark that

fE=mny = frPr

Proof. Consider the morphism
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M x M [T, (77 x7r)

[L.(FU(V:) x FI(V;.)).

Let (s,t) € M x M. Then, F?® and F? are r-opposed on Gr!V'V if and only
if for each p,

(4.1) FPa Fr P =gV

This condition is open in [ [, (FI(V;) x FI(V;)). Indeed, to each flag manifold
FI(V,) is associated a natural injection into a product of Grassmanians

FUV;) < T, GGV, f2),

the image of which is a compact manifold. For each integers p,r, and
each point s € M, the image of s in G(GrV'V, fP) can be described as a
n, X fP matrix of maximal rank fP. In this setting, (4.1) amounts to the
fact that the n, x n, matrix formed by the n, x f? matrix which repre-
sents FP in G(GrlVV, fP) and the n, x f7~P*! which represents F"~P*! in
G(GrVV, fr=P*+1) has maximal rank. Let UP be the open submanifold of
points in G(GrV'V, f?) x G(GrWWV, fP) which verify this condition. Then,
the set

Ur = (FI(V;) x FI(V;)) N (NpUF)

is an open submanifold of FI(V,.) x FI(V,). We thus get an open inclusion
(4.2) §:MP = (n, x m,.) " U,) — M x M.

]

The construction of M°PP allows us to define a universal Rees sheaf on
PZ x M°PP which parametrizes triples of opposed ordered filtrations, namely
objects of C-MHS corresponding to the data of linear algebra of the varia-
tion of mixed Hodge structure (Hg, W., F*) on S,

Enrorr = J Exm (V @c Onsnr, W* @c Onrsnrs Fonin. 1 Faniv.2)-

Consider now the morphism ¢ x % : § — M x M, where the conjugation
is taken with respect to the real structure on V¢ which comes from Vg. This
morphism is real analytic and takes values in M°PP; the image by ¢ X p of
a point s € S is the R-mixed Hodge structure (Vg, W, F®, F?).
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The pullback of {yrerr on PE x S by idpz x ¢ X B,

(idpz, X @ X P)*Enrorr ———— Epgorn

i idP%3 XpXP l

PZ x S P2 x MePP
Pﬁi l:DMOPP
S L Mo

is a real analytic sheaf in the direction of S and complex analytic in the
direction of P%, namely is a sheaf of C?Op%—modules, where CEOOP% de-
notes the sheaf of functions on P% x M°PP which are holomorphic in the
direction of P% and C* in the direction of S.

Note that, according to GAGA, for each s € S, the restriction (z‘dp%j X
© X P)*Epgorw ‘P2C><{S} is an algebraic coherent sheaf. The sheaf of CE,OOP%-
modules (idpzc X © X P)*Epporn is called the relative Rees sheaf associated to
the variation of mized Hodge structure (Hr, We, F*).

We recover the mixed Hodge structures of the variation in the following
way:

Theorem 4.4. Let (Hr,W.,F*) be a variation of mixed Hodge structure
on S, M the corresponding classifying space and ¢ : S — M the associated
morphism. We define M°PP C M x M as above and consider the universal
T-equivariant reflexive Rees sheaf Epporr on PZ x MOPP. Let (idpz, X ¢ x
D)*Enore e the associated relative Rees sheaf on P% x S.

Then, for each s € S, the fibre (idpzc X o X @)*fMopp|pch{s} is a T7-
equivariant torsion free Pl-semistable sheaf of Opzc -modules whose double
dual ((idp2, X @ X P)*Enrorr[p2 x(5})™™ corresponds, via the equivalence of
categories stated in Theorem 1.27, to the R-MHS
(HR(S)’ W‘(S)’ -7:.(5)7?.(‘9))

Proof. By construction, for each s € S, one has the following isomorphism
of equivariant torsion free coherent sheaves of Op2-modules

[as3

(idej 2R @)*é.JWOPAP%X{S} = fMDPP|P%X{W(S)}><{@}
EMxM B2, (i ()} x {2}
This endows (idpzc X X P)*Epgorp |P’g,x{s} with a structure of T-equivariant

Op2-module first, and then with a structure of T"-equivariant Op2-module
since the two latest filtrations, given by ¢(s) and ¢(s), are conjugate.
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Next, we show that the torsion free sheaves on the projective plane para-
metrized by Enrerr are Pl-semistable. This is a consequence of the fact
that the Hodge numbers are constant on S since they are upper semi-
continous and the sum is constant (see [24] for example). This fact im-
plies that the torsion free sheaves W, N F? . defined as in (3.1) are locally
free. The corresponding relative Rees sheaves nrors (Ha, W*, F3,5,2) 00
C? x M°PP_ where the Hodge filtration comes from the first factor in M x M,
and Eppors (He, W®, Faiv1) on C3 x MPP_ are therefore locally free. This
proves, using Proposition 3.8, that the singular locus of {pjepr is included
in Pja X M°PP and hence that, for each s € S, on U, where U = PL\ Pio,
holds the isomorphism

é'1\401”0|U><{go(s)}x{cp(s)} = E(HC(S)? W.7 f;nw(w(s)%?unw(w(s)))‘U

because f;niv,l(ip(s) X 90(5)) = ‘F;nw((p(s)) and fz’niv,Z((p(s) X 90(8)) =
Fooiwlp(s)) = Foi.(0(s). So, the locally free sheaf appearing in the
second member is the Rees sheaf on PZ associated to the mixed Hodge
structure on Hc(s) indexed by s. This bundle is therefore P}-semistable,
namely its restriction to P} is a direct sum of line bundles of the same slope,
and, since P} C U, so is 5M““°|Uxx{gp(s)}x{m}v which achieves the proof

of the statement. O

Remark 4.5. Note that, when one considers an algebraic variation of mixed
Hodge structure, the morphism ¢ x @ is real algebraic; the relative Rees
sheaf (idpé X p X P)*Eporr associated to the variation of mixed Hodge

structure is hence a real algebraic sheaf whose fibres over S are algebraic
over C.

4.2. Semi-continuity of the R-split level, stratification. As above, we
consider a variation of mixed Hodge structure (Hgr, We, F*) on a complex
manifold S. Since the associated relative Rees sheaf is S-flat, the Hilbert
polynomial of the fibres is constant. The Chern classes are therefore con-
stant, the degree is zero and we denote the second Chern class by aunqesz-
According to Theorem 4.4, there exists a dense open subset U C S on which
the R-split level of the fibres equals aunqy.

In this section we prove that the R-split level is upper semi-continuous
on the classifying space of complex mixed Hodge structures M°PP and hence
yields a stratification of this space. Such a stratification induces a stratifi-
cation of the universal covering of the base S.

Proposition 4.6. The function
a: M°PP — 7,
s = a(§nrore [Pz, x (1))
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which associate to each point of the classifying space of mized Hodge struc-
ture the R-split level of the complex mized Hodge structure it parametrizes
1S upper semi-conlinuous.

The statement of the above proposition is a direct consequence of the
lemma below. Let, for each s € MPP, fP9(s) = dimg (Fy i, 1(8) N\ F iy 2(5))-

univ,l u
Lemma 4.7. With the above notation,
(i) For each pair of integer p,q, the function M°PP — Z, s +— fP(s)
is lower semi-continuous.
(ii) The function « decomposes into a sum o = ay — a_ where a4
and a_ are non negative, oy is constant and a_ s lower semi-
continuous.

Proof. The first assumption is clear. Next, according to formula (2.2), we
can let oy = %qu(p +q)?hP? and a_ = %Zp’q(p + q)?sP?. The first
function is constant on M°PP since the Hodge numbers are constant. Then,
remark that, for each p,q and each s € M°PP,

sPi(s) = fPi(s) — fp+1,q(s) — fp,q+1(s) + fp+1,q+1(s).
This gives, for each s,

a_(s) =
L (3,200 +4)79(5) + 5,2 = 1)f09(s) + X2, 20 = 1)f7°(5) = £0(s) )

which proves, using (i), that a_ is lower semi-continuous because if p = 0
or ¢ = 0 then fP? is constant. ([l

Next we will study the stratification induced by the R-split level. By
stratification of a topological space (X, T), we mean an increasing filtration
by closed subsets

XoCX1C...CXpae = X.

The strata of the stratification are the locally closed subsets X; — X;_1. The
upper semi-continuity of the R-split level implies the following statement.
Corollary 4.8. The R-split level o induces a stratification of the complex
manifold M°PP,

MgP? € MPPP C ... C M2PP = MOPP,
where

s € MGPP < a((Eperr[pzx(s})™") < @

Now that we have a stratification of M°PP| we deduce a stratification of

S. This is a consequence of the lemma below whose proof is immediate.
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Lemma 4.9. Let f: (X, Tx) — (Y, Ty) be a continuous morphism between
topological spaces. Suppose (Y, Ty) to be stratified by closed subsets {Y;}icz.
Then, by letting X; = f~1(Y;), one gets a stratification {X;}icz of (X, Tx).

Now, we apply this lemma to the morphism ¢ X @ which is continuous
from the complex manifold S endowed with the real analytic topology to
the complex manifold M°PP endowed with the usual topology. This strati-
fication descends to S.

Corollary 4.10. The stratification of the complex manifold M°PP, which
results from the upper semi-continuity of the R-split level, induces a strati-
fication of S,

SoC S CiC8a. =85,
where

s € S & a(((idpz, X ¢ X B)*Enrors|p2 x(5)) ™) < .
Moreover, this stratification descends to a stratification of S
SoyCS C..C8S, =5

Proof. We only have to prove the last statement. It is a direct consequence
of the fact that the image of the monodromy homomorphism is a subgroup
of GL(Vr). This implies that the action of T' on M°PP does not change
the relative position of the Hodge filtration and its conjugate and hence
conserves the R-split level. Denote by 7 : S — S the universal covering.
By letting (s € Sq) < (77 1(s) € S,), we thus get the induced filtration.

O

4.3. An example. Consider two variations of Tate Hodge structure T'(i),
i = p,q, p > ¢, on a complex manifold S. Both variations are trivial
variations of pure Hodge structure since Tate Hodge structures do not have
moduli. Let e; be a vector generating T(i)r. Now, consider an extension
of these variations, namely a variation of mixed Hodge structures of rank
2, (Hr,W,, F*) such that the variation induced on Gr) is T(i), i = p,q.
The classifying space is totally described by the extensions. According to
section 2.4, we have M = C whose coordinate z gives at each point the
extension parameter which yields

FPiw(z) =ep+eqz C He = Ce, @ Ce,,.

By a discussion analogue to the one made in Example 3.11 (with p = 2,
g = 0 and F{ is the decreasing filtration associated to the weight filtration
and P(A\, p) = A\, Q(\, p) = p), one shows that the relative Rees sheaf prorr
on M°PP = M x M is locally free on P% X MOPP\ (Pya X Aypy), where Ay is

the diagonal of M x M. The stratification by the R-split level is given by

Mg" = Ay © M, = Mo,
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The morphism to the classifying space ¢ : S — M induces a stratification
of S

S0 C Sg—p)> = 5,
where Sy is the subset of points s whose image by ¢ x @ belongs to Ay,

namely such that ¢(s) = ®(s). For each point s € Siy_p)2 \ So one has the
exact sequence of coherent sheaves on P

0= &(T(q)) — (idp2 X @ X @) Enrorn (s) — E(T{q)) = Tpy, — 0,

where Tp,, is a skyscraper sheaf of length (¢ — p)?.

This example describes, for p = 2 and ¢ = 0, the variation of mixed
Hodge structure given by the a family of non complete nodal curves on
S =P\ {0,1,00} with coordinate z. Then the morphism ¢ : S — M is
given by z — 5= log(-%;). According to Proposition 2.18, the real analytic
stratification is

Ry C P\ {0,1,00} .
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